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Part-A : Basic Mathematical Physics

UNIT-I
Vector Algebra
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G411 VERY SHORT ANSWER TYPELIESILID)

Q.1. Explain the meaning of displacement vector.
Ans. If any vector starts from P=(xq, y;,2,) at ¥

) i P(x;.y1.21)

timet =¢, and ends at Q=(xy, y,,2; ) attimet =¢; 5

as shown in fig. 1., then the vector drawn from initial y §

location to final location is called displacement " Q%)

vector in the given interval of time.
- > i

Here, P@Q = S =displacement vector. X
2> > =

= S= rp —np

-> . b 4
where r; =position vector of point P and Fig. 1

_’
r, = position vector of point Q.

Q.2. Position vector of a particle is ;)[t]=4-t2 ?+ St}'—BI‘; meter, where t is
measured in second. Calculate the displacement of particle in time
intervalf =1sand t =4s.

Sol. Given position vector

— A A n
r(t) =4t2 | +5t j —3k meter
.. position vector att =1s

- A A A
ry =4 (1)% i +5(1) j - 3k meter
and position vector att =4s

- 248 5 o
ro =4(4)° i +5(4) j —3k meter

=641 +20 j —3k meter.
Hence, displacement vector

$ =1y -1 =(64-4)1 +(20-5)] +[(-3) - (-3)k

=60‘1: +15} meter.
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Q.3. Calculate the components of a unit vector that lies in the x-y plane and
makes equal angle with positive direction of x and y-axis.

_)
Sol. Let the given unit vector A lying in x-y plane, is
A=A, i+A,j
If it makes equal angle a with x and y-axis
0 =90°-a = a=45°

_)
. components of 4 are Ay =Ay, =Acosa =(1)cos45°= 2N ¢ A=1)
V2
. n 1 A A
Hence, we write A=—(i+]))
V2
- -

Q.4. Iftwo vectors A and B having equal magnitude of 10 units each and angle

between then 60°, then find :

- - > >
(iJA+B (iiA-B

Sol. The given situation can be shown in the given
figure.

. - — 2 2
) |4 +Bl=y A2 +B% +24B cos0
=y10% +107 +2x10x10 x cos 60°
=103 units
" 3 i 2 2
(i) | A —B|=\/10 +10% -2 x10x10 cos120°
=10 units.
- - -5 - - - >
Q.5. If A=(3,5,-7)and B=(2,7,1), find A+ B, A- B,|A|,|B} A-B cosine of
- —
angle between A and B.
s A A A
Sol. Given A=(3,5,-7)=3i+5j-7k
and B=(27,1)=2i+7]+k
- = A A A
1] A+B=3+2)i+(5+7)j+(-7+1)k

=5i +12 ] —6k=(5, 12,-6)
-5 A A A
(ii) A-B=(-2)i+(5-7)j+(7-1k

—i-2]-8k=(1,-2,-8)
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(it) |41=@3Y +G) +(-77 =83

(iv) |BI=y(2)? + () +(@)? =54

v) 4-B=(3)2)+6) () +(-T)(1)=6+35-7=34
- >

and cosO = 4 . =0. 507

AB ~ (183)(\54)

—> = — . - = =2 12
Q.6. If A, B and C are three unit vectors such that A x(BxC )=£ B, find the

L. - -3 - -
angle which 4 makes with B and C, B and C being non-parallel.
- = —> 1=
Sol. Given: A x[BxC)=§B
By the vector triple product of vectors we have,
- =2 3 S99 253 12
(A-C)B-(A-B)C —EB

The above equation holds only when

- -
Angle between A and € =cos™

A

- > - -
A - B =0implies that angle between 4 and B =—.

— A
Q.7. Let A be an arbitrary vector and nbe a unit vector in some fixed direction.
— —3 A A A > A
Show that A =(A4 -n)n+(nx A)xn.
— A A A = A
Sol. RHS.=(A n)n+(nx A)xn
—3 A A A A - —3 A A
=(A-nn+(n-n)A-(A-n)n
A A= - =
=(n-n) A=(1) A=A =LH.S.
e A A = 2 2
Q.8. Show that(A-B)-(A+ B)=4° —B“.
- = = —
Sol. LHS.=(A-B)-(A+B)
- - 3 3>
=A-A+A-B-B-A-BB
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e e e ] > 5> 2> >
—A-A-B-B (- A-B=B-B)

> > 2
(- A-A=A" etc)

@AY SHORT ANSWER TYPELTEIIND

Q.1. Define zero vector or null vector. Mention its important properties.
Ans. Zero Vector or Null Vector

A vector quantity which has the same initial and terminal is called zero or null vector. Itis a
vector of zero magnitude and since its length is zero (i.e., its tip and tail coincide), its
direction can not be specified.

- -
Explanation : We know that, if we add two vectors A and B, theresultis a vector, notascalar

5 > -
ie, A+B=C (1)

- — —
What happens when B =— A? The result (€ ) must be a vector of a zero magnitude. For
mathematical consistency of equation (1) itis convenient to have a vector of zero magnitude.
-
A zero vector is represented as 0. Thus, we can write
e

A-A=0

Properties of Null Vector
A zero vector has following main properties :

- — A A A
1.|10|=0, thus if A=A,i+A, j+A, k is a zero vector, 4, =A, =4, =01i.e, all the
components of a zero vector are zero.
-
2. For any vector A

[Addition]

ol ol
1]
ol i

LS A

[Cross product]

3. For any number A
_)

_)
A0=0
4, Vector product of a vector by itself is a zero vector.
-

- -
AxA=0

Some Physical Examples of Zero Vector
1. For a body, kept at rest :

- -
If, Resultant force acting on the bodyie., F =0
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- >
then, velocity of the body, v = 0

. - -
or, Acceleration of the body, a =0
- - =
Also, linear momentum of the body, p =mv = 0.

- -
2. When abody is thrown vertically upward then its final velocity at highest point, v = 0.

Q.2. Define a unit vector. Give unit vectors used in rectangular coordinate
system.

Ans. Unit Vector

A unitvectoris a vector whose magnitude is exactly 1 and points in a particular direction.

So, we can say a unit vector has a unit length and used to give direction of a vector. It is

represented by putting ‘A’ (cap) on the vector. So, if Ais a unit vector then it is represented

A
by ‘A’ & can read as “A cap”.

- - A
If A is a given vector, unit vector in the direction of A is represented as A and is given as :

A2 A
- A
| Al
—> A — A
or we may write, A=AA=|A|A

Points Regarding Unit Vector :
1. A unit vector has no unit and dimension. It is used to

specify the direction of a vector. Y
2. By definition of unit vector, |?4) |=1 Ay] 1 i
Unit vectors used in rectangular coordinate system : Thx;ef - i
unit vectors in x-y-z coordinate system are indicated by i, j 7 i
and k. ols " A g *

They represent unit vectors pointing towards the positive Fig, : Vector Decomposition into
direction of the corresponding axis. Decomposition of avector  Component Vectors and Unit
in x-y plane into its component vectors and its unit vectors are Vectors

illustrated by Figure.

The relation between unit vectors and component of vector A in the coordinate systems are
given as :

A=A (1)
- A

A=y -2
A, =AKk .(3)

- - -
in equation (1), (2) and (3) i , j andkrepresents the directionof 4,, A y and A, respectively.
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— A A A - A A A
Q.3. Given two vectors A=3i+4 j—5kand B=-i + 2 j+ 6k. Calculate :

(a) Magnitudes of 4 and B (b) (4 + B)and (4 - B)
- > - -
() A-B (d) Angle between A and B
- - - >
() AxB (f) Projection of A on B

_)
(8) Angle between B and y-axis.
Sol. Given A=3i+4j—5Skand B =—i +2] +6k

Magnitudes of 4 and B
(@) |41=4=y(3 +(4)% +(-5) =V50
and |Bl=B=y(-1)2 +(2)2 +(6)2 =v41
(b) A+ B =[(3)+(=1)]1 +[(4)+Q)]] +[(~5) + (6)]k =21 +6 j+k
and A-B =[(3) - (-1)]1 +[(4)-(2)] ] +[(-5) - (-6)]k=4 1 +2 j-11k
© A-B=4,B,+A,B,+4,8,

=(3)(~1)+(4) (2) +(-5) (6) =-3 +8 30 =25

- -
(d) Angle 0 between A and B is given by

- -
_A-B_ 25 _ -25 -5

~ AB  (V50)(v41) 5v82 <82

ik

- —
(e) AxB=3 4 -5
-1 2 6

—7(24+10)— ] (18-5) +k(6+4)=34 1 ~13 j +10k

- -
(f) Projection of Aon B

- >

_AB_-25

Va1

Ap =
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_)
(g) Angle between B and y-axis

B 2
0, =cos 1| |=cos1 |:—i|
% { B } Va1

Q.4. Prove that
(a) Area of a parallelogram with touching sides Aand Bis |Z X §)|

’ o -2 =2 12 =
(b) Area of a triangle with sides A and B is EIA x B|
Sol. In the given figure, consider parallelogram OABC with touching sides OA and OB
represented in vector form as :
e e e —
OA=A, OB=B, |0A|=A, |0B|=B
(a) By geometry, area of parallelogram

=0B x AD .
=0B x0Asin0 .
=(B)(A)sin® = AB sin® 3 B

> > s !
=| A x B| Proved Fig.

(b) In the given figure, consider the triangle OAB with sides OA and OB represented by
- -
vectors A and B. By geometry, area of triangle
=%OBxAD=%(B](AsinB]

>

=%ABsin9= | Ax B]| Proved.

N

- > - e T T
Q.5. For three vectors A, B and C.Provethat Ax(B+C)=AxB+AxC.
i

Sol. Let +Ay}'+Az.a

AJ(
B

x;+By}'+BzI:'.

Cyi+Cyj+C k

-
A
=
B
—
c
Y
c

- A A A
B+ (By +Cy)i+(By +C ) j+(B, +C )k

- = = ] ¥
LHS.=Ax(B+C)=| A, Ay A,
B,+C;, B,+C, B,+C(,

A
i



10 Examf Mathematical Physics and Newtonian Mechanics B.Sc.-l (SEM-I)

i F kl|i g K
=|4, Ay A | +|A, Ay A,
B, By B;| €y Cy C,
- =5 =5 =
=AxB+AxC =RH.S. Hence Proved.

Thus, vector product is distributive with respect to addition.
— A A A
Q.6. Deduce the necessary condition for two vectors A =a,i+b; j+c; k and

— A A A
B =a, i+ b, j+c; k to be collinear.

— A A A

Sol. Given, A=aqi+by j+ci k
- A A A

and B=a,i+by j+cz k

_)
Obviously, to be collinear (or parallel), the direction cosines of vector A must be equal to the

_)
respective direction cosines of vector B.

i.e., we whould have 1, —a—z,b—l —b—z,c—l—— which gives = i —b—l 5, =£.
A A B A B a; b, ¢, B
Thus, the condition for collinearity of the two vectors works out to be that the ratio between

., a b ¢
the scalars a; and a,,b; and b, and ¢; and ¢, must be the same, ie.,— 1 ="1 ="1,

Alternatively, we could obtain the same condition by taking the cross product of two vectors
and equating it to zero. Thus,

- = A A A
Ax B =(bicy —c1by)i +{cqa; —aycp) j+(a1by —b1a; )k =0
which gives b,¢c; —c1b; =0,c1a; —a ¢ =0 and a1b; —b,a, =0, whence, By ™1 =c—1, as

a; by ¢
before.

Q.7. Show that:
(a) (A -B)-(A+B)=4% -B? (b) (A-B)x(4 + B)=2(4 x B)
() (AxB)-(AxB)=A%B% —(4 -BY
(d) |Ax B +(4-BY =A2B?

e A 4
Sol. (a) LHS.=(A-B)-(A+B)
i T s T e
=A-A+A-B-B-A-B-B
- 25 2 > 2> 2> 2> >
=A-A-B-B (-A-B=B-A)
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(b)
(c)
(d)

Q8. If A-2i-
- = o
A.(BxC),

Sol. Given,

and

So, here,

and

11
_4% _p? (- A-A=A2 etc)
=RHS.
> =2 2> >
LHS.=(A-B)x(A +B)
- - - - -> - - -
=(AxA)+(AxB)-(BxA)—(BxB)
- = - = - = —
=(Ax B)-(Bx A) [ Ax A=0etc]
> > 5> > - - > >
=(AxB)+(AxB) [[(BxA)=—(Ax B]]
- >
=2(Ax B)=RHS.
e A
LHS.=(AxB)-(Ax B)
> 2, -> - 2
=|Ax B [~ A-A=A%]
=p(ABsin0)? = A2B? sin 0
=A?B? (1-cos? 6)= A*B? - (4B cos0)?
—A%B% _(4-B)? =RHS.
3 Do S ¥ s
LHS.=|AxB]* +(A-B)
=(AB sin8)? +(AB cos8)? = A%B? (sin? 0 +cos® 8)
=A*B% 1=4A%B% =RHS.
A A A A A > 9> -5 -
j-k,B=2i-3j+k and (.‘ ]+k ﬁnd( )C, A(B-C),
e - 3> -
(AxB)xC and Ax(BxC(C).
— A A A
A=2i-j-k
— A A A
B=2i-3j+k
— A A
C=j+k
- —
A- B=(21—j k] [21—3}+k)

=(2)2)+(-1(-3)+(-1)(1)=4+3-1=6
A-C=@2i-j-k)-2i-3]+K)

=(2)0)+(-1)1)+(-1)Q)
=0-1-1=-
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-5 = A A A A A

also, B-C=2i-3j+k)-(j+k)
=(2)(0)+(-3))+@) @)
=0-3+1=-2

=3 A

M (4-B)C =6(j +k)=6j+6k
(il A(B-C)=Qi-j-K)(-2)=-4i+2]+2k
2 -1 -1
-» 2> -2
(iif) A-(BxC)=2 -3 1
0 1 1
=2(-3-1)+1(2-0)-1(2-0)
=-8+2-2=-8
-2 = —> -2 > > —> = —>
(iv) (AxB)xC=(A-C)B-(B-C)A
—(-2)(21 -3j +k)-(-2) @i - j-k)

—-4i+6]-2k+41-2]-2k

—4j—4k
O e S S e S
v) Ax(BxC)=(A-C)B-(4-B)C

=(-2)(2i -3 j+k)-(6)(j +k)
—_47146]-2k—6] -6k
—-41-8k

Q.9. Prove that if the sum of three vectors is zero, then their scalar triple
product is zero.

b -
Sol. Let A, B and C are three vectors such that

- =2 =
A+B+C =0
- = o
Hence A=-B-C
= Ay=-By—-Cy,A,=-By,-C,and 4; =-B, -C,
I Ay Ay A,
A-(BxC)=|By By B,
Cy Cy
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Substituting the values in determinant, we have
—By—Cy -By,-C, -B,-C,
=| By B, B
Cy Cy C,
By B, B, C, C y Gs
=-|B, B ¥ B,|-|By B y B
£, ik y C.l [€x € y c

z

* If two rows of a determinant are identical, its value is zero.
=0-0=0 Hence Proved.

- > —
Q.10. For four vectors 4, B, € and D, prove that :

- = —
Sol. (i) Let P = A x B, then
e e e T s s
LHS.=(AxB)-(C xD)=P-(C x D)
> > —
=(PxC)-D
(By interchanging dot and cross in scalar triple produces)

—>
Substituting P we get,

T e e T e > 3>

LHS.=[(AxB)xC]-D=[(A-C)B-(B-C)A]-D

> o> -9
(ii) Now again consider P=Ax B

T
LHS. =(AxB)x{C x D)

- -
Substituting P we get =(AxB-D)C -(AxB-C)D

(by interchanging dot and cross in scalar product)
.

BxD)C —(A-BxC)D (1)

o
=y
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- o5
Again, let Q=CxD

Then, LHS.=(AxB)x Q=(A-0) B —(

1

-3 -3
‘Q)A

—
Substituting Q we get =(A'C xD]B —(B-C x D)
From equation (1) and (2)

:>¢°°

(2)

- =
(AxB)x(CxD] (A BxD]C e )
= -
—[A X C.‘ xD)B-(B-CxD)A Hence Proved.
Q.11.Define a pseudo vector. Show that cross product of two polar vector is
pseudo vector while the vector triple product of three polar vector is a
true vector.
Ans. Pseudo Vector
A pseudo vector is a quantity that behaves like a vector under a proper rotation, but gains an
additional sign change under an improper rotation (like reflection).
Gecmetrically, the direction of a reflected pseudo vector is opposite to its mirror image, but
with equal magnitude. This is in contrast to a true or a polar vector which when reflected will
match its mirror image.
A pseudovector is also refered as axial vector.
Angular velocity is one of the general example of a pseudo vector. The angular velocity,
generally written as a vector has amplitude and a direction, however, on reflection or
inversion, it acts differently than linear velocity, which is a true vector.
The most common examples of pseudo vectors are angular momentum, tourque, angular
acceleration, magnetic field, magnetic dipole moment etc.

Cross product of two polar vectors is a pseudo vector

4’ bsl
wd
YA

X

¢Ul

~
4

— - - -
Consider two polar vectors A and B. Under parity transformation of vector 4 and vector B :

- - - -
APy _Aand B BT -B

We know that
- =
{ A x B) under parity transformation gives,
> 2> pr - e
(AxB)——> (—-A)x(—-B)=(AxB)

- -
Since, (A x B) does not changes sign under parity transformation (P.T.), hence the cross
- - - -
product of two polar vectors A & B (i.e., A x B)is a pseudo vector.

Vector triple product of three polar vectors is a true vector

- - - - = -
Consider three polarvectors A, B and C.Under parity transformation of vector A, Band C :

- -
4 _PL., 7
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- -

B P'T'i B

- -

and e—ELy ¢
- 9 = pr - - -
Ax(BxC)—> —Ax(-Bx-C)

5> o5 >
— —Ax(BxC)

- -2 -
Asunder parity transformation 4 x (B x C Jreverses it sign, hence the vector triple product of

the three polar vectors is a true vector.
Q.12.The position vectors of two particles ejected simultaneously from the

Same source are ;1)=3;':+4}+ 5k and ;2)=Z‘l:+6‘]\'+ k. Obtain (i) the
displacement ;) or particle two with respect to particle one, (ii) the

- - - - - - -
magnitudes of ry ,r; and r, (iii) angles betweenry andry,rqy and r and r;

4 . . . —> —>
and r and (iv) projection of r onry.

Sol. (i) Here, obviously, displacement of particles 2 with respect to particle 1,
> - - A A

ie, r=rp-n ——1+2]+3k
(ii) Magnitude of r, =|r;|=v9+16+25 =5v2 =707,

->
Magnitude of r, =|r;|=v4+36+64 =104 =10.20

- >
and  Magnitude of r =|r|=v1+4+9 =14 =3.74

. -2 = -
(iii) We have ryrp —|r1||rz|cose,m

- o
_nn
hence cosB,1r2 =

[rqllrz2 |
— 6+24+4‘0 — erir =14.00
(707)(10.20)

= o
ri-r _ -3+48+15

> - (707)(374)
[ || |

- -
rpr 2412424

> - (1020)(374)
|2 || r |

Similarly, cosB,, = =07563 .. 0, =499°

and cosOp, = =08913 and .0, =27.0°
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(iv) And, projection of r onry =r -ry (wherery is the unit vector in the direction of ry )

- -

_rn_ 20 o4
- 7.07
|7y |

GlEqple] Bl LONG ANSWER TYPE J¢lf)=0(e] 9

Q.1. Define the components of a vector. How does a vector represented in
terms of Cartesian components?

Ans, Components of a Vector

The projection of a vector along a given line is known as its component along that give line.

- -
Consider a vector OA = A, having magnitude A. To find its projection on a given line PQ.Draw a

perpendicular O and A4’ on line PQ as shown in fig.1.
A

A
fb— Acoso —
Fig. 1 Fig. 2

— —
The length O 4’ is called projection of OA on line PQ. If vector OA makes angle © with the
direction of PQ, then by trigonometry

cos© =0—M
0

= OM =0Acos0
g O A =0M=0Acos0

Since the magnitude of 2 = A, therefore length 04 = A.

9
Thus, the component of vector A along line PQ = A cos0 -(1)

From equation (1), it is clear that :
1. Since © has infinite choice, so a vector can have infinite components.
2. Components can have values positive, zero or negative.
3. The component of a vector is a scalar so it is specifically called scalar component.
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ﬁ
If we move vector 04 in such a way that 0 and ¢ coincide, as shown in fig. {2), then the

—> —
component vector of 04, along PQis OA' given as :
- A A
0A' =(AcosO) n where n is the unit vector along PQ.

Cartesian Components of a Vector

Cartesian components of a vector are the projections of that vector onto x-, y- and
z-axis.

Cartesian components are also called rectangular components. For simplicity let us start

- o
with two dimensional coordinate system. Consider a vector OA = A,having magnitude A,lying
in x-y plane with its tail at origin O [Fig. (3)]. The vector makes angle 0 with the direction of

positive x-axis. By definition, components of j are Ye-———-———---—3 .A
Component along x-axis (or x-component) =| E: |=A, =Acos0 N E
Componentalong y-axis (or y-component) =| A_:, |=A, =Acos6 Y y :}

I
Vector components of :4) can he written as i 0 __i’ %
Vector x-component = Z:, =4, ’1\ é;ig_ 4 .

—> A
Vector y-component = 4 y= A yl

(where i and j are unit vectors along x- and y-axis respectively. From fig. (3), using triangle
law

- - —
OA=04"+A A

> > - A A
or A=Ay +tAy=A;i+A, ] -(2)
Since the component of vector specify it, eq. (2) is also expressed as
_)
A=(A,,Ay) -(3)
From A OAA' (0A)? =(A4')? + (4 A
A2=A2+ A2
a2 a2l
|[A|=A=[Ay +A}] -(4)
AJ’
and tanf =" -(5)
X

The above situation can be generalised for vectors having any direction in space. In this case,
we introduce z-axis perpendicular to x-y plane, these three mutually perpendicular axis
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_)
constitutes three dimensional cartesian coordinate system in which a given vector A will
resolves in 3 components : Ay, A, and A,. Then equation (2) can be generalized as :

—_ A A A
A=A, i+A, j+A, k (6)

_)
If vector A makes angle o, 3, y respectively with positive directions of x, y and z-axis then :

A
cose =—%, cosB=—y and cosy:ﬁ
A A A

are called direction cosines of ;l)

So, we can show that  cos? a +cos? |3+cos2 y=1. -(7)

Q.2. What do you mean by scalar product of two vectors? Give its geometrical
interpretation. Obtain expression for scalar product of two vectors in
terms of their Cartesian components. Mention its important properties
and physical significance also.

Ans. Scalar Product

- - - -
The scalar product of two vectors A and B is denoted by A - B and is read
- -
as A dot B. Because of this notation it is also, therefore, known as the dot

product of the two vectors.
Mathematically, it is defined as the product of the magnitude of the two

—
B

]

>

- - Fig. 1
vectors A and B and the cosine of their included angle 6 [fig. (1)],
irrespective of the coordinate system used. Thus,

- —
A-B =ABcos (1)

Since 4, B and cos 0 all are scalars, the right hand side of equation (1) is a scalar quantity. Thus

- =
A - B represents a scalar quantity and their product is called scalar product.

Geometrical Interpretation
A useful geometrical interpretation of scalar 7
product is shown in fig. (2) and fig. (3).

In fig. (2), B cos@ is the projection (or the resolute)

- -
of B in the direction of A and in fig. (3), A cos 0 is the o

= =
projection (or the resolute) of A is the direction of ~1B 058’
B.

So, from equation (1) we may write :

- —>
A-B=A(Bcos9)=A(cos0)}B
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—> -
Thus, we may define the scalar product of two vectors {4 and B) is the product of the

magnitude of either vector and the projection (or the resolute) of the other in its
direction.

— -
Scalar product of two vectors in terms of their cartesian components : Let A and B are
two given vectors expressed in terms of their cartesian components as :

— A A A
A=A, i+A, j+A k

¢

and B=B,i+B, j+B,k
=
then B

(A, 1+Ay]+A k] (B, l+Byj+B k]
=AByi-1+AB 0 j+AB, i -k+AB, )i

yi j+AyByj-k+A,B k-1 +AB k-j+A,B k-k
«(2)

Since, i i=j-j=k k landi- j=j-k=k-i=0,thereforein above equation (2) six cut of nine
terms are zero. So, we have :

= >

A-B=AyB, +A, B, +4, B,
i.e., scalar product of two vectors in terms of their cartesian components is the sum of
products of their respective components.

Properties of Scalar Product

1. Depending upon the value of, the scalar product of two vectors may be positive,
negative or zero.i.e.,

+AyB

- -
(@) when 0°<0<90° cos0is+tve, then A- B is positive
- =
(b) when 90°<0<180°, cos0is-ve, then 4-B is negative

- >
(c) when 6=90°, cos0=0, then A:B is zero.
2. The scalar product is commutative : We have,

- > > >
A-B=ABcos@=BAcosO=B-A [+ AB = BA]
ie, A-B=B-A

-> > —
3. The scalar product is distributive : In fig. (4), Let A, B and C are three arbitrarily
chosen vectors, with magnitudes A, B and C respectively.

— - = — -
The scalar product of vector A and the resultant (B + C) of B and C is given by

e - - -
A (B +C)= A (projection or resolute of (B + C ) in the direction of 4}, i.e,
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- o -
A-(B+C)=AxON=A(OM + MN)
=A-OM +A-MN. -(3)

_)
Since OM is the projection (or resolute) of B in the

— -
direction of A and MN is the projection {or resolute) of C
_)
in the direction of A, so we have
> = > 2
AOM=A-B and A-MN=A-C
Substituting these values in relation (3) above we have
A A e e e
A-(B+C)=A-B+A-C
Clearly showing that the distributive law holds good.

- -
. If the two vectors (A and B) be perpendicular to each other, i.e.,0 =n/2

-5 >
Therefore, cosn /2 =0, so, the scalar product A-B = AB cos[gj =0.
- =
ie, A-B=0

This is, therefore, the condition for two vectors to be perpendicular (or orthogonal)
to each other.

. If the two vectors have opposite directions, § =xn and therefore cos =cosm =-1. So

- =
that A-B =—AB, i.e., the scalar product is equal to the negative product of their
magnitudes.

. If the two vectors have the same direction, then 8 =0, therefore cos 0° =1.So, the scalar

- = - =
product A - B = ABcos6=ABcos0°=AB,S0, A- B =AB, ie,the scalar productis
equal to the product of the magnitude of the two vectors.

- >
And, if A = B,i.e., if the two vectors be equal, we have

O 2 3 9
A-A=|A|| A|cos0°=AA=A* or A* = A%,
i.e.,the square of a vector is equal to the square of its magnitude (or modulus).

AA A

. It follows from (6) above that square of any unit vector, like i, j or k is unity.

Thus, i? = j% =k* =(1) (1) cos 0° =1

or, id=j j=k-k=1

. Since i, j and k are orthogonal (or perpendicular to each other), therefore, from

statement (4) above,

ij=j k=K i=(1)(1)cos90°=0.
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= =
9. If either vector (A or B)is multiplied by a scalar or a number m, the scalar product
too is multiplied by that number. Thus,

(mA)-B=A4.(mB)=m(4-B) =mAB cos

_)
10. Scalar product give straight forward way to compute angle 8 between two vector A and

Physical Significance of Scalar Product
Some important applications of scalar product in physics are
discussed below :

Q.3.

Ans.

—>
B. As we know,
- >
A-B =|A||B|cosb
;l) —
So, g R
|A||B]

-
(a) Work : If a force F, acting on a body, produces

(b)

(c)

_)
displacement S. Work done by the force (Fig. 5)
= >
W =FScos@=F-§

—
Power : Power (defined as rate of doing work) of a force F that keeps a body
%
moving with uniform velocity v is given by

= >

P=F.p
Electric Flux : Electric flux through a planar surface area placed in uniform

_)
electric field E is given by
- —
bg=E-S

Define a cross product of two vectors and give a geometrical
interpretation of your construction. Obtain expression for cross product
of two vectors in terms of their Cartesian components. Mention its
important properties and physical significance also.

Cross Product of Two Vectors

- - = = -
The vector product of two vectors 4 and B is denoted by A x B,read as A cross B.Because of
this notation it is, therefore, also called the cross product of the two vectors.

_)
Mathematically, it is defined as a vector { R) whose magnitude {or modulus) is equal to the

- -
product of the magnitudes of the two vectors A and B and the sine of their included angle 8.
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> 2> > A A
Therefore, R=AxB=|A||B|sinOn=ABsin6n -(1)
- —
where Ais magnitude of A, Bis magnitude of B, 8 is smaller of the two angle (< 180°)between
- - A - > -> >
A and B, and n is a unit vector in the direction of A x B, (Direction of A x B is assigned

- — - = - -
perpendicular to plane of A and B such that A, B and A x B form a right handed system.)

Geometrical Interpretation

—-> —% b d
To obtain R geometrically, draw vectors A and B with their tails coinciding. The two vectors
- 2> -2
then lie in a plane [Fig. 1]. By definition, vector R = A x B is perpendicular to plane of Aand B.

There are always two directions perpendicular to a given plane, one on each side of plane.

_)
Which ofthese two is the direction of R ? To find this, several rules are in use. We describe two
of them.

=2 > -
R=AXB
Plane o
l_AandEt
—»
B B
J4 2
CPlane of Kand B - = -
_K=ExA=AxB
Fig. 1 Fig. 2

(a) Right Hand Screw Rule : Place the screw driver with its axis perpendicular to plane
— - =N
containing A and B [Fig. 1]. Now rotate its handle in the direction from first vector (4)

- -
to second vector ( B ) through smaller angle (0] to coincide with the direction of B.The

direction of advancement of screw is the direction of Z X 3‘)
(b) Right Hand Rule: Stretch your right hand in a plane perpendicular to plane containing

;l) and 3, thumb perpendicular to fingers. Now point the fingers along first vector ;1)
Curl the fingers from Z towards 3, through smaller angle (0} to coincide with the
direction of E Thumb points in the direction of Ei) =:4) x_B) [Fig. 2].

In fig. 2, the vectorg isrotated towards vector;l) through smaller angle (8), so the direction of

- - -
vector R is downward to the plane containing 4 and B.
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Expression for cross product of two vectors in terms of their Cartesian components :
- >
We can express vectors A and B in terms of their Cartesian components as :
A A A
=A i+Ay j+A k

A A

_)

A
—> A
and, B=Byi+By j+B,k
- - A A A A A A

AxB=(Ai+A, j+A,K)x(B,i+B, j+B,k)

=AyBy IXi+AyBy ixj+AB, I xk+A,B, jxi

+A,B, jxj+A,B, jxk+AB kxi+AB,kxj
+A,B, kxk ..(2)
A A A A A A — A A A A A A A A A A A A A A A A A A
Since, ixi=jx j=kxk=0and i x j=k, jxk=i,kxi=jf, jxi=-kkx j=—iand i xk=-},

therefore on substituting these values in equation (2), we get three of the nine terms as zero
and the six terms that survive give.

- — A A A A A
AxB=AB k+AB,(-j)+A,B,(-k)+A,B, 1 +A,B, j
+4,B, (-i)
Rearranging these terms, we get :

- = ’ p k
AxB =(Asz —Asz]i +(AzBy —AxB;) ] +(AXBy _AJ’Bx)k

|4y Azl A, Al A Ayl
B, B,| |B, B, |B; B,
i j k
-> >
ie, AxB=|A, A, A, .(3)
B, B, B,

The determinant in RHS of equation (3) is the most convenient way to remember components
-

of AxB.

Properties of Vector Product

_)
1. Since 026 2, sin 0 and, therefore, | R| or R cannot be negative.

-5 >
AxB

And, clearly, sin@ =
> >
|A|]B]
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. Vector Product is not commutative

We know that,
- =
|Ax B|=ABsin0
2> -
Also, | Bx A|=BAsin0
- =2 2 -
|AxB|=|BxA| ("~ AB=BA)

- > - -
So, the vector A x B and vector B x 4 have same magnitude, however, their directions
are opposite [Fig. 3(a) and 3(b)]. Therefore,
- - - -
(AxB)=—-(BxA) -(4)
i.e.,, vector product is not commutative
AxB=0C

......................................................

Fig. 3

. Vector Product obeys distributive law

EE >
For three vectors A, B and C

e e e e s S ¥
Ax(B+C)=AxB+AxC «(5)

The geometrical proof of this is tedious. However we shall prove later by Components
method.

= —
. For two collinear (parallel or antiparallel) vectors 4 and B,0 =0° or 180°, therefore

sin® =0
- =
|Ax B|=ABsin0 =0
Which gives
- = —> —>
AxB=0 ifAand B are collinear
- =2 -
AxA=0 forany vector
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> o
5. Ifeither vector (A or B)be multiplied by number or a scalar m, their vector product too
is multiplied by the same number. Thus,
> 2> - - A
(mA)xB=Ax{mB)=(mAB)sin0n.
— - A — —
Again (mA)}x(n B)=(mAnBsin8)n=nAxmB
e - -
=(mn A)x B = A x(mn B), where mn is another scalar.
Thus, we see that the vector product is associative.
- -
6. If A and B are unit vectors, then we have A =B =1 and, therefore,
;\lxﬁ =ABsin9;1=sinB;\1,
i.e., the magnitude of A x B is the sine of the angle of inclination of the two.
— -
7. If the two vectors (A and B) be orthogonal or perpendicular to each other, we have
> > A
0 =90° or n /2 and, therefore, sin 0 =1. So that Ax B =ABn.

- — - —
The vectors A,B and (Ax B) thus form a right-handed system of mutually
perpendicular vectors.

8. For unit vectors of Cartesian Coordinate System: Leti, jand kare unit vectors along
x, y and z-axis. Since the vector product of any vector with itself is a zero vector, so

A A

’l:xi=jx}=l‘:x];=0 -(6)

(b
Fig. 4
For right handed Cartesian coordinate system shown in fig.4(a).
?x}:ﬁ, }xl‘::?, i’x?:} -(7)

A A A Al A

and }xi=—k, Il;x}'=—'i\, ixk=—j «(8)
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A good way to remember eq. (7) and (8) is to write i, j, k cyclic (around a circle) as
shown in fig. 5(b}. Reading around the circle anti clockwise gives positive product (e.g.,

? X ; = I';). Reading other way gives negative results [? xl: =— }).

Physical Significance of Vector Product
Vector product has a multitude of applications in physics. Few examples of applications of
product are :

_)
(a) Torque : Torque of a force F about origin 0 is defined as

e e
T=rxF

_)
where r is positive vector of point of application of force from 0.
(b) Angular Momentum : Angular momentum of a moving particle about a point O is
defined as

> 3> >
L=rxp

- —
where r =position vector of particle from 0 and p =linear momentum

(c) Angular Velocity : If a rigid body rotating with angular velocity ?o (which is directed

=5 -
along the axis of rotation), the linear velocity v of a point P having position vector r
relative to fixed origin is given.

e
U=®XT

-
(d) Magnetic Force : Magnetic force on a point charge g moving with velocity v in
_)
magnetic field B is given as
- - -
F =q(v x B)
(e) Area of a Parallelogram : Area of a parallelogram whose adjacent sides represent
- -
vectors A and B is given as
- =
Area=|Ax B|=ABsin0

where @ is the angle between :4) and I;)

Q.4. Define vector triple product of three vectors and obtain its expression in
terms of cartesian components. Mention its three important properties
and show that associative law does not hold for vector triple product.

Ans. Vector Triple Product of Three Vectors

- = - - = >
Let we have three vectors A, B and € then the quantity A x (B x € )which yields to a vector

= > -
quantity is called vector triple product of A, B and C.
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= > — B
So, for three wvectors A,B and {, we have xC
e e T T e e
Ax(Bx(C),Bx{(CxA) and Cx(AxB) as Dlitia 6F
examples of vector triple products. ReBx T
- = -
The vector triple product Ax(B xC) is a vector
—> =
lying in a plane perpendicular to that of A and =
- - . S S \
(B x C). But, as we know, vector (B x C) lies in the o =
- — =
plane normal to that of B and C.It follows, therefore, A
= 4 -2 = = 5
that vector A x (B x C)lies in the plane of vector B Fig.1

— —
and € and is perpendicular to that of 4, as shown in
> > - - —>
the given figure. Therefore, A x (B x C)is some vector in the plane of B and C, perpendicular
_)
to A.
Vector Product in terms of Cartesian Components

- -
Let us consider vector B along x-axis, y-axis in the plane of B and then z-axis in the direction of

> -
B x C.Then we have :

- A
B=B,i
— A A
C=Cri+tCyj «(1)
- A A A
A=Ay i+A,j+Ak
From this
-5 A A A A A A
BxC =(B,(i)x[6'xi+C'yj]=B‘,‘,Cx (ixi)xBny(ixj)
-5 - A A A > A A o
= BxC =B,C,k [Sinceixi=0andix j=k]
- =2 - A A A y
Now, Ax(BxC)=(Asi+A, j+A, K)x(B,C k)

= AByC (i xk) + Ay BoCy (xK) + A B,C , (ke xk)
= ABLC, (—))+AyByC , (1)+0 (2)

A A

['.' "}X’Q:O; ?X]’;:—}; ij=?]
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A
Adding and subtracting A, B,C, i in RH.S. of equation (2), we get
-3 - — A A A A
Ax(BxC)=—AyByCyi—AB,C, j+AByCyi+AyByC i

- 2> > A A &
= Ax(BxC)=—AB[C,i+C, jI+[AC, +A,C 1By i .(3)
From set of eq. (1)

- -
AB,=A-B (4
- -
Ay +AyC, =A-C
Substituting values from eq. (1) and eq. (4) into eq. (3)
- = - - 2> > 2> 3
Ax(BxC)=(A-C)B-(A-B)C -(5)
Equation (5) is of the form
> 5 > - -
Ax(BxC)=mB +nC «(6)

where m and n are scalars given as :
- — - =
m=A-C and n=—(A-B)
> > o — -
Thus, Ax[B x () is a linear combination of twoc vectors in paranthesis (B and C); the

_)
coefficient of each vector is dot product of other two; the middle vector in the product (B)

always has positive sign.
Equation (5) can also be expressed as :

. F ¢
x(BxC)= B~ C (7
AB AC

Important Properties of Vector Triple Product

- = =
1. The vector triple product A x(B x €} is a linear combination of those two vectors
which are within brackets.

—» - = =5 = -
2. The’R’vector, R = A x (B x C )is perpendicular to vector A and remains in the plane of

- -
Band C.
3. Vector triple product is recognized as a vector quantity.

Associative law does not hold for vector triple product : We know that, for three vectors
- =

A, B and C we have :

> >

Ax(BxC)=(A-C)B-(4-B)C (8)
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- > > > 2 >
Also, for (AxB)xC=—Cx(A-B)
A e T T
==[(C-B)A-(C-A)B]
e A e e e T S T
= (AxB)xC=(A-C)B-(B-C)A «(9)

From eq. (8) and (9), it is clear that
- = = - =3 =
Ax(BxC)2(AxB)xC

Thus associative law is not valid for vector triple preduct in general.

Q.5. Define scalar triple product of three vectors, give its geometrical inter-
pretation and obtain its expression in terms of Cartesian components of
vector. Mention its three important properties.

Ans. Scalar Triple Product of Three Vectors

- — — — —

Consider three non zero vectors A, B and £.We know that cross product of vector B and £
> - = 3 o — > -

i.e., B x C is a vector. Thus 4 -(B x C) is a dot product of two vectors A and (B x C) and

- 2> -

therefore, gives a scalar. The product A -( B x C)is called scalar tripple product of vectors

- - —

A,BandC.

- =5 = - — =

A-.(BxC)isalso denotedas[4 B C]

Geometrical Interpretation

Adjoining figure presents a useful geometrical interpretation of scalar triple product.

- =
Consider a parallelopiped whose three intersecting edges are represented by vectors A, B

C havi : BxC
and C having length A, B and C respectively.

> -

Area of base of parallelopiped =BCsin¢ =| B x C | i
o | T (/7

Direction of (B x C ) is perpendicular to plane of base. h= y 7

Therefore, height of parallelopiped (Acos8) |3 BC sin ¢
- - - 7>
h =Projection of Aon (B x () B
Fig. 1

_)
or h=Acos®=|A|cos0
Volume of parallelopiped,
V = (Area of base) (height h of parallelopiped)

e T
=|B xC||A|cosB

V=4-(BxC) (1)
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Scalar triple product of three vectors represents the velume of a parallelopiped whose
three intersecting edges are represented by these vectors.
If 6 =90°, value of V will come out positive. However, if 8 >90° value of V will come out
negative. Since volume is always positive, we modify eq. (1) as

- > -
V =] A -(B x C )| = modulus of scalar triple product w(2)

-2 = >
Thus, we see that the scalar triple product A.(B xC) represents the volume of a
parallelopiped, with the three vectors forming its three edges.
Obviously, since any one of the faces of the parallelopiped may be taken to be its base, its
> 5 - - > - - > -
volume V is also given by B -(C x A) and C -( 4 x B}, with the cyclic order of 4, B and C
maintained.
In case this cyclic order of the terms in a scalar product is quite immaterial, we have
- 23 = - 25> - - 2 9 -» =5 =
V=A.(BxC)=(Bx(C)-A=—A:.(CxB)=—(CxB)-A

> > I > I > > > > 2> -
=B-(CxA)=(CxA)-B=-B:-(AxC)=—(AxC(C)-B

- - > = o

- - - - - = =
=C-(AxB)=(AxB)-C=-C-(BxA)=—(Bx A)-C

It will thus be seen that the value of scalar triple product depends on the cyclic order of the

vectors and is quite independent of the positions of the dots and the crosses, which may be

- >

interchanged as desired. It is, therefore, usual to denote a scalar triple product of vector 4, B
- e s 4 - = =

and C by[A B Clor[A, B, C], putting the three vectors in their cyclic order but without any

dots or crosses.
Scalar triple product in terms of Cartesian components of Vectors

- > -
Consider three non-zero vectors A, B and C expressed as :

=Cyi+C, j+C,k
i j k
> -
BxC =By B, B,
€, €, C,

=(ByC, —B,C, )i —(B,C, -B,C,)j+(BL,—B,C,)k

- 2 -
A-(BxC)=A,(B,C, —B,C,)~A,(B,C, ~B,C,)+A;(B,L,—B ,Cy)
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B X Z

A, A,

- -
or A-(Bx(C)=|By B,
Cy Cy

o

z

)

X Z
Which represents scalar triple product as determinant of rectangular components of vectors.

Properties of Scalar Triple Product
1. If the position of dot and cross is interchanged then there is no change in the value of

scalar triple product.
- 2> - > 2> =
ie., A-(BxC)=(AxB)-C
2. (@) A cyclic permutation of three vectors does not change the value of scalar triple
producti.e.,

e e e e T e
A-(BxC)=B-(CxA)=C-(AxB)
(b) Ananticyclic permutation changes the value of scalar triple product in sign but not
in magnitudei.e.,
- 2 - > =5 > > - -
A (BxC)=—A-(CxB)=-B-:(AxC)and soon
3. Ifany two vectors in scalar triple product are equal, their scalar triple productis zero.
- - == - =
ie., [AAC]=[C AC]=[B B A]=0and so on
Q.6. Give some illustrative applications of vector product.

Ans. Some illustrative applications of vector product are :

_)
(i) Torque or moment of a force : Let a force F be y 2
acting on a body free to rotate about O [Fig. 1] and

let ? be the position vector of any point P on the _,:‘39..
line of action of the force. Then, since torque =force 7 K

x perpendicular distance of its line of action from 0,
we have torque (or moment) of force F about 0. O

Le., t=Frsinb.
Now, as we know, Frsin0 is the magnitude of the

- -
cross of vector product r x F. So that, in vector Fig- 1
notation, we have
- =2 =
Torque, T =r xF

— -
its direction being perpendicular to the plane containing F and r.

If we draw a set of three coordinate axes through O, as shown, we shall have

— A A A
r=xi+yj+zk,
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A A A —
when x1i, yj and zk are the rectangular components of r along the three axes
respectively.

—» A A A — A A A
Similarly, F=F,i+F, j+F,k and t=tyi+t,j+1,k (1)
i j k
- 5 -
Now, 1=rxF=x y z
Fy Fy F,
- A A A
which, on expansion, gives t =i (F,y—Fyz) + j(Fyz—F,x)+k(F,x - Fy y). .(2)

Comparing expressions (1) and (2), we have
Ty =Fpy-Fyz,n, =Fyz—-Fxandt, =F,x-F.y,

where 1,,7, and 7, are the respective scalar components of t along the three
coordinate axes through 0.
It will be easily seen that the scalar componentst,,t y andt , of torquer are given by
the dot or the scalar products of t and the respective unit vectors along the three
coordinate axes. Thus,
- A -3 A > A
T -i,'l:y=1: -jandt, =1 -k

A A A A A A A A A

A
For d=(t 1+1y1+'czk] [=tgi-l4ty, j-i+t ki

>

A A -
And since i-i=1, _,1 1—0andk 1—0 we havet, =1 1.

-3 A 3 A

And, similarly, =t -jandt, =71 -k

T

y

Couple : A couple, as we know, is a combination
-

of two equal, opposite and parallel forces. Let F N6 iy

=
and — F be two such forces acting at points P
and Q[fig.2] and let the position vectors of Pand 54

- -
Q with respect to Obe ry and ry respectively. 0 x

_)

Then, since moment of the couple € with
respect to Ois equal to the sum of the moments, z
(with respect to O) of the two forces constituting Fig. 2
the couple, we have

> 2 -

C=rixF+ x( F] (r1 rz]xF

- -

Since rl -rp=a, where a lies in the same plane with F we have

ﬁ-lr
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(iii)

(iv)

_)
Thus, the moment of the couple C, is a vector lying in a plane perpendicular to that
containing the two forces.

> > -
The magnitude of couple C =|a x F|oraF sin@.

And since a sin & =d, the perpendicular distance between the two forces, we have
magnitude of the moment of the couple,i.e.,C = Fd =(one of the forces)(perpendicular
distance between the forces).

- = -
The law of sines in a triangle : Consider a triangle of vectors 4, B and C [Fig. 3], such
_)

> -
that A+B=C.

_)
Taking vector product of both sides of the relation with A, we have
- 2 2> 2> =

AxA+AxB AxC. rof i

- o
Or, since Ax A =0

>

_)
. we have AxB AxC Fig. 3
So that, taking magnitudes of the two sides, we have

- = - -
ABsin(A-B)=ACsin[(A-C)

- > - -

where sin (A, B) =sine of the angle between 4 and B

- > - -

and sin (4, € ) =sine of the angle between A and €

- > - - -
Or Bsin(A,B)=Csin(A,(C),

hence, i = &

- - - —
sin(A4,C) sin(A,B)

which is the familiar law of sines in a triangle.

Force on a moving charge in a magnetic field : Imagine a chargegq

_F) = i ? x E)
C
u = I3 _) 3 " _)
to be moving with velocity v at an angle ® with a magnetic field B at

any given instant [Fig. 4]. Then, the force acting on it in a direction

- —
perpendicular to B as well as v is F =quB sin 0, where F,v and B

are the magnitudes of the force velocity and the magnetic field —
respectively. In vector form, therefore, we may put it as

wl |e

- - —
F =qg(v x B) emu or SI units. Flg. 4

This is called Lorentz force law, with the force itself referred to as the Lorentz force.
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_)
In most cases, g is taken in esu and | B | in emu (i.e., gauss). Since 1 esu charge =(1 /)
emu, when c is the velocity of light in vacuo, we have g esu =q/c emu and, therefore,

= g2 2
F=%(vxB)
c
_)
In case the charge also simultaneously passes through an electric field E, an additional

—_
force g E acts upon it and the Lorentz force law then takes the form

2> 2 g
F=qE+*(vxB)
e

Area of a parallelogram : Let vectors ;l) and _B) from the AxB=C
adjacent sides of a parallelogram OPQR, [Fig. 5] inclined
to each other at an angle 0. Then, if OD be the
perpendicular dropped from Oon to PQ,we have area of

the parallelogram N 0. < R
=PQ(0D)=B(Asin0)=ABsin0 % /
which is obviously twice the area of the triangle OPQ ! BN

- - D - Q
with the same adjacent sides A and B. Fig. 5

Clearly, AB sin 0 is the magnitude of the vector product

-5 3> > - -
A x B =C, say, whose direction is perpendicular to the plane containing A and B,i.e.,

to the plane of the parallelogram.
Now, an area, by itself, has no sign but may be regarded positive or negative in relation

- 3> -
to the direction in which its boundary is described. A x B = C, therefore, represents a

vector area which gives both the magnitude and the orientation of the area of the
parallelogram.

_)
The direction of vector €, drawn normal to the plane of the figure (i.e., the

parallelogram here) bears the same relation to the direction in which the boundary of
the figure is described as the direction of advance of a right-handed screw does to its

_)
direction of rotation. Thus, with the parallelogram described as shown ( 4 being taken
- - = =
first and B next), the normal vector C = A x B is drawn pointing upwards, the area of

_)
the parallelogram being regarded as positive in relation to this direction of C.

With this convention, therefore, any vector area (i.e., the area of any plane figure) may
be represented by a vector drawn normal to the plane of the figure in a direction
relative to which the area of the figure is regarded as positive.

Q



UNIT-II

Vector Calculus
Y NSV NV S INDY NSV NI Y YD Y NSV N Y @ N DY NS Y NS VN DV
S =Zegie]' MY VERY SHORT ANSWER TYPE Jo/!|=51[¢)\'})

Q.1. Define integration.
Ans. Integration of f(x)with the respect to x is defined as

I= x)dx=lim X f(x;)JAxasx—>0,N—o> x
[feydx=lim T f(x;)

This is called indefinite integral. Definite integral is denoted as
b
. I= L f(x)dx
Q.2. If A is differentiable function of scalar variable ¢, show that
- 2 2
d|—»> dA d® A

— | Ax—— |=>Ax
dt dt de?

d|=» dA| - a?4 dA da
Sol. Sl Ax= 2 [=A4Ax + X
dt dt dr:? dt dt

> 424 = dA dA =
=4 x +0 o sk =)
dtz dt dt

=Ax— = Proved.

Q.3. Defined a scalar field.
Ans. Scalar Field : A region of space in which a scalar quantity ¢ can be expressed as
continuous single valued function of positioni.e.,¢ =¢ (x, y, z).
Examples : Distribution of temperature T {(x, y, 2} in a given region of space or electrostatic
potential V (x, ¥, z) in the region of space around a charged body or gravitational potential
V (x, y, z) around earth.
Q.4. What is Laplacian operator?
Ans. The Laplacian operator is defined as v =0z0x2+0z Oyz + 0z 0z2.
The Laplacian is a scalar operator. It is applied to a scalar field it generates as scalar field.

, =2 a2 a2 @2

Ve=vV.V= + 4 is known as Laplacian operator.
a2 Byz oz>
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Q.5. Defined a vector field.

—
Ans. Vector Field : A region space in which a vector quantity A can be expressed as a

- -
continuous single valued function of positioni.e., 4 = A(x, y, z).
—
Example : Distribution of electric field E (x, y, z) in a region surrounding a charged body,

distribution of magnetic field 3 (x, ¥, z)in a region around a magnet or steady current etc.
Physical problems are often restricted to certain region of space and our mathematics must
take it into account.

Q.6. What are solenoidal field and irrotational field?

Ans. A solenoidal vector field is known as an incompressible vector field of which
divergence is zero. Hence, a solenoidal vector field is called a divergence-free vector field. On
the other hand, an irrotational vector field implies that the value of curl at any point of the
vector field is zero.

Q.7. Define conservation field.

Ans. Conservative Field : If the value of line integral of a vector point function depend only
upon initial and final points and not upon the actual path taken, the vector field is referred to
as Conservative field.

Example : Gravitational field, Electrostatic field etc. For conservative field :

o .
1 -[Pi A -dl — path independent.
-> —
2 :f A .dl =line integral around close curve =0.

_)
3. curl A=0.
—> A
Q.8. Determine the constant a so that the vector A =(-4x-6y+3z)i

+(~2x + y —52)j+ (5% + 6y + az) k is solenoidal.

Sol. Vector ?4) is solenoidal, hence

—

div A =0
O0Ax +6Ay+6Az -0
ox oy 0Oz

i[—4-x—6y+3z)+2[—2x +y—52)+i[5x +6y+az)=0
ox oy 0z

-4 +1+a=0
a=3
Q.9. What do you mean by differentiation of vectors?
Ans. Differentiation of Vector

If we have a quantity ywhose value depends upon single variable x, relation is expressed as
y=f(x) [Real single valued function]
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If x — x + Ax then y— y + Ay, we may write
& y+Ay=f(x +Ax)
Derivative of y with respect to x is defined as

-~ = lim ﬁz lim
dx Ax—>0Ax Ax—0

{f(x +AX)—f(X)}
Ax

& represents slope of x — y curve at y =x. It is basically a rate measurer.

Q.10. Evaluate |~ (2x% -3x +4)8 (x -2)dx.
Sol. By property of Dirac delta function
I_"‘; fx)8 (x —a)dx = fa
Here f(x]=2x2 —3x+4anda=2
Hence the integral = (22(2 —3x+4)5_3
=2(2)° -3(2)+4=8-6+4=6.
o R e G L - -
Q11.Ifr =e™ a +e™" b where a and b are constant vectors, show that
-y -
arr —n*r=0

_>
Sol. = —pe™ a —ne

- - -
=n?(e" a +e™ b)=n*r
AEY e
zr —n’r =0 Proved
dt

Q.12.Give two examples of physical quantities in physics which are expressed
as gradient of some scalar point function.
Ans. Two examples of Gradient in Physics are as follows :

_)
1. In a conservative field, force (F) is represented as gradient of potential energy (U)

— —
F==-VU
equation holds for both gravitational and electrostate field.

_)
2. Electrostatic field E is represented as gradient of electrostatic potential (V)i.e.,

=
E=-VV
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Q.1. Define partial derivatives of a vector.
Ans. Partial Derivatives of a Vector

_)
Suppose a vector A depends upon more than one variable, say x, y, z. We may write

74) =:4) (x, v 2)
The differentiation of such vector with respect to any one variable, keeping other variable
constant, is called partial differentiation. The derivatives of vector so obtained are called
partial derivatives and are denoted by symbol ¢ instead of d.

_)
For vectors A (x, y, z) partial derivatives can be expressed as :

- — -
a_A= lim A(X+Ax:y:z)_A(X;sz]
0x Ax—>0 Ax

— - -

%= lim Alx,y+Ay,z)-A(x, ¥ 2)
dy Ay->o0 Ay

- - -

67‘4: A(X,y,Z+AZ)—A(X,y,Z)

lim
0z Az—0 Az
Higher derivatives can be defined as in calculus. For example
27 — 22 - 27 -
0°A_0|8A|0°A_0(2A|0"A_02 (o4
ox? x| ax | ot | oy [ 5z2  Oz| oz

2~ - -
24y 0|04 0|24 ..
Oxdy ox| oy | oy| &x '

Order of differentiation does not matter.
Q.2. If$(x,y,z)=3x%y - y*z?.Find grad p at (1, - 2,-1).

Sol. grad¢=_V)¢
g *~gd 0 2 2 2
=i—+j—+k—|(Bx°y-y'z
o J®’ azJ[ y-yz°)
_"56(32(2 N L T GO 3. 2
=i - (3x"y-y*z*)+j  (3x*y-y’z°)+k (3’ y - y*2*)
ox oy 0z

=6ng? +(3x2 —2yzz]}+2yzz£r
Vo (1,-2,1)=6(1)(-2)7 +[30)% -2(~2) W21 +2 (-2 )k
—_12i+7j+8k
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Q.3. Define the operator 6’)

Ans. >
° The Operator V

-
In vector calculus, a differential operator V, called del, is defined as

— - =
V is not a vector. When we write V ¢, V is not multiplied by scalar ¢. Rather it is a vector

_)
operator that acts upon ¢. Itis more complicated than di (which is scalar operator) because V
x

has vector properties too.

_)
Now, an ordinary vector A can multiply itself in three ways :
—>
1. Multiplyascalard:$ A [Result is a vector]

= 2> >
2. Multiply another vector B : A - B [Result is a vector]
via dot product

- o >
3. Multiply anothe vector B : A x B (Result is a vector)
via cross product

_)
Correspondingly there are three ways the operator V can act :

ﬁ
1. Onscalar function$:V ¢ (the gradient, which is a vector).
- 2> -
2. OnevectorfunctionA:V - A (the divergence, which is a scalar)
via the dot product
- = =
3. Onvectorfunction 4A:Vx A (the curl, which is a vector)

via the cross product
We have already discussed gradient of scalar function. In the following sectiosn we shall
explain divergence and curl of vector function.
Q.4. Define curl of a vector field. Gives its geometrical interpretation.
Ans. Curl of a Vector Field

_)
Consider a vector field in which A is a continuously differentiable vector point function at each
point (x, y, z) expressed as

- A A
Alx,y,z)=A,i+A k

- - 2> -5
Curl of A is defined as Curl A=VxA=

‘3"%’|°"-> 3
SR =

yJj+
i
a9
ox
Ax
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_)
It is clear that curl A is a vector. If we expand the determinant, we get

3A A aA A
Cuﬂj: BAJ_J I+ aAJ_aAJ 74)4_ -V_aAz k
0z oz ox ox oy

—>
Thus Curl A is a vector whose Cartesian components are :
- oA
[Curl A], =y By
oy oz
_oAx oA,
ox

- 0A
[Curl A], =—2% _ oAy
ox

oy

[Curl A] y =

Geometrical Interpretation

= -
As the name Curl implies V x A is a measure of how Z

much vector;l) curls around given point. Four vector :
functions have zero curl. However, the vector i

function shown in figure 1 has substantial curl // = ,‘\\

pointing in z direction according to natural right | KN, S y
hand rule as the vector lies in x -y plane and K)=fo+_> Jn\\\s //

circulating counter clockwise. AJ’
The term rotation is also sometimes used for curl. A x”

vector field for which curl is zero, is called Fig.1
irrotational i.e.,

- 2> -
(i) If curl A= 0, A is irrotational

- -
(i) If curl A #0, A is rotational.

Fig. 2 (a) and 2 (b) show electrostatic field line due to a -ve charge and +ve charge
respectively. Fig 2 (c) and 2(d) show magnetic field line due to a current carrying wire and bar
magnet respectively. From this figures it is clear that :

\M o A
AN 4\ )

(@ © (d)
Fig. 2

%
//_\\B
—»—18 NF——

- —
(a) Electronic field E is irrotation i.e., curl E =0.

- —>
(b) Magnetic field B is rotationali.e.,curl B #0.
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Physical interpretation of curl will be discussed later in this chapter after the introduction of
vector integration.

Q.5. Define line integral of a vector. Give one example.
Ans. Line Integrals

Integration of a vector along a line or curve is called line integral. a3

_)
Let A (x, y, z) be a vector function defined in some region of space

(fig.). i x
Consider a curve drawn from P, to P, in a vector field, along which / 0

vector A is to be integrated. A is continuous function along the curve. If “ Fig.

dl is element of length on this curve drawn from point a (x, ¥, z] to
b (x +dx, y +dy, z +dz), then we can express infinitesimal displacement vector E} as:
dl =dxi +dyj+dzk
If :4) =A, '1\ +4, ; +4, i';is the value of vector function on this element E}, then line integral of

%
A along the curve P, P, is defined as

. B .—) )
Line Integral = -[fi A-dl= IH Adlcos@ (1)
In terms of components of vector
By >k
jﬂ A-dl =J‘}1 (Ax dx + Ay dy + Az dz) w(2)

> >
Line integral around a close curve is expressed as § A-dlL

- -
Examples : (i) Workdone by a variable force F = F (x, y, z) in moving an object from initial
position P (x4, 41, z; ) to final position B, (x5, ¥z, 25 ) is calculated as

- -
dW =F -dI
_tRp e 2 )
W= jﬂ F-dl= Ll F.dx + jyl Fydy+ Ll F,dz
(ii) Electrostatic potential difference between two points a and b in electrostatic field is

calculated as
b= =

vy -V, =—L E -dl

Q.6. If¢=In|r|, find V ¢.
Sol.

— A A A
r=xi+yj+zk

_)

ri=x? +y* + 22 ]1/2
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ﬁ
¢ =In|r|=In(x? +y? +2%)'/2 =%ln(x2 +y? +2%)

Vo

N | =

;an (xz +y2 +zz)+}'gln(x2 +y2 +zz)+ﬁgln (xz +y2 +z%
ox oy oz

1 _’! 2x n 2y ) 2z
2| (x2 +y% +2° x% +y% + 22 x% +y? + 22

A A A —>
_Xi+yj +zk _r

(x2 + y2 +zz) r?
Q.7. Define volume integral giving one example.
Ans. Volume Integral

Volume integrals are somewhat simpler since element
of volume dV is a scalar.

-
Consider a continuous vector function A(x, y,z) in

space. Consider a small region of volume V' (fig). V can
be divided into large number of infinitesimal elements

_)
of velumedV inside which A can be assumed constant.

—%
Volume integral of A over volume V is defined as 0 x

Volume integral = IVolumeZ dV = ”I;l) av  ..[1)

In terms of Cartesian components .

- A A A Fig.
A=Axi+Ayj+ AzkanddV =dx dydz

Volume integral =? I _” Axdxdydz +;'” J' Aydx dydz +I;I _” Azdxdydz  ..(2)
For a scalar point function ¢(x, y, z) volume integral
=I”¢ dx dy dz «(3)
Example : In eq. (3) ¢ =¢ (x, y, z) = density of a substance mass
M=[[[o(xy2)aV

Q.8. Define surface integral, giving one example.
Ans. Surface Integral

—
Consider the field of a continuous vector point function A(x, y, z).Let S is an open surface of
arbitrary shape. We can divide it into large number of infinitesimal plane element of area dS.

_)
For such element, area vector d§ is defined as a vector of magnitude dS, directed along
outward normal. (Fig.)
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Yy

- - g
If A is a value of vector point function at centre of dS, the quantity. ds -
> o - - A
A -dS =flux of A through dS =d¢ %
S
(0]

- = —
j' A -dS over entire surface is called surface integral of A over surface S. %

ﬁ
It represents flux of A through entire surface S. z
Since the surface integral is a two dimensional quantity, it is
represented by double integral i.e.,

jsﬁ .ds =”Z .dS=¢ (Flux) (1)

Fig.

In terms of Cartesian components.
—3 A A A
A=Axi+Ayj+Azk
—3 A A A
dS =idSy +jdS, +kdS,

- -
”A-dS=”(Adex+Adey+AzdSz) 2
Example : (i) Electric flux through a surface in electric field is calculated as :

- —
¢g=[[E-dS
(ii) Magnetic flux through a surface in magnetic field is given by

¢z =_”§E-)5'

Q.9. State the Greens theorem and write properties.

Ans. Green’s Theorem

The theorem may be stated as follows :

“If Sis aclosed region in X — Y plane bounded by a simple close curveC C
(fig) and P and Q are continuous functions of x and y having

continuous derivatives in regions, then”
oP

_rr[9Q_
§C(de +Qdy) _-”S[ax 6y] dx dy
where line integral is counter clockwise around the boundary of areas.
This is called Green’s Theorem in the plane.

Properties
1. Green theorem in the plane is a special case of Stoke’s theorem.

2. Gauss divergence theorem is a generalization to Green's theorem in the plane where
the (plane) region § and its closed boundary (curve) C are replaced by a (space) region
V and its closed boundary (surface) S respectively. Due to this, Gauss divergence
theorem is often called Green’s theorem in space.

3. Greentheorem defined as above do not work for region S which have holes in them. For
such regions also, theorem may be stated in a different manner.

Fig,
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Q.10. If$ =6x°3 y? 2, find div grad ¢.

Sol. grado =V ¢
300,508 20
ox "oy Oz

_a
—lax(6x z]+]ay(6x z)+k (6x z)

=18x2yzzi +12x3yzj +6x3y2 k
- -

divgrad¢ =V -V ¢
(A & *8 10

i—+j—+k 18x2 2z’z:+12x3 z’\'+6x3 I:r
s azJ( y yz j+6x3 Y% k)

=9 (18y2 3
= s’y z)+ay(12x yz)+ , (65 %)

=36xy 2z +12x3z.
Q.11. State Helmholtz theorem.
Ans. Helmholtz’s Theorem

A vector is uniquely specified by giving its divergence and curl within the specified region

(without holes)and its normal component over the boundary.
_)
Consider a vector field F
> >
V - F =§ =Source (charge) density

> o
V x F =C =Circulation (current) density
Helmholtz theorem states :

(1)

_)
“A vector F satisfying eq. (2) with both source and circulation densities vanishing at infinity
may be expressed as sum of two parts, one of which is irrotational, the other part is

solenoidal.”
- — = ¥
F=— VL? + Vx A
. ! N—y—
frrotational  solenoidal
Here,

I part = grad of scalar function ¢, ¢ is called scalar potential.
- 95— -
Since curl grad ¢ =V x(V A)=0, V ¢ is irrotational.

- —
I1 part = curl of vector function A, A is called vector potential.

> 2> -5 - -
Since, divcurl A =V -(V$)}=0,V x A is solenoidal.

-(2)
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Q.1. What do you mean by derivative of a vector? Gives its geometrical
interpretation. Obtain expression for derivative of a vector in terms of
cartesian components.

Ans. Vector Derivative

Definition : Vector quantities are often expressed as functions of scalar variable. Consider a

—
vector A given as

_) A A A
A=Ay i+A,j+Ak (1)

A A A

Herei, j, kare fixed unit vectors.If 4,,, A y and A, are functions of a single scalar variablet,we

may write
A, +A, (L) « ) R
Ay =A,(t) | scalar functions of scalar variable ¢ (S 44
Az =A,(t) ay
o AQ®

Hence, vector A is also function of scalar variable t. We may write Fig. 1

- -

A = A(t) vector function of scalar variable ¢

- -

Consider vector function A(t) The change in A during interval from t to t + At is (Fig. 1)

- - —

AA=A(t +At)- A(t)
—

The derivative of A with respect tot is defined as

dA AA At +AL)- A
2= lim =2 = lim [£ AL}~ ALE)

-(2)
dt At 0 At to0 At

‘;f is a new vector which can be large or small. Direction of C;f can be any, depending upon

—¥

- —
behaviour of A-‘Zf points in direction of A A as AA approaches zero.

Applying eq. (2) in eq. (1), we obtain

.(3)

dt dt dt dt

Geomeitrical Interpretation of Vector Derivative
Let(x, y, z)}bethe coordinates of a moving particle at time¢;thenx, y, zare function ofti.e.,

x=x(t), y=y(t), z=z(t) (1]
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Displacement of particle from origin at time ¢ is

— A A A

r(t)=x(t)i + y(t)j +z(t)k w(2)

_)
Ast changes, terminal point of r describes a space curve having
parametric equation defined as equation (1). Leter, at time
t + At, position vector of particle is

TE+AL)=x(t +AL)T + YE+AL)f+Z(E+AL)k  ..(3)
%

The change in r in interval ¢ to At is
- - -
Ar =r(t+At)-r(t)
- - -
Ar r(t+At)-r(t)
At At

(4

If Pand P’ are the positions of particle at timet and t + At respectively, as shown in fig 2 since
- -

_)
A r is avector, the quotienti—r is also a vector. Direction of i—r is along chord PP’ from P to
t t

P,
As At tends to zero (At — 0):

(i) P’ approaches P and chord PP’ tends to concide with the tangent to curve at point P.
A_) A_)
(i) Limit~" =27,
At—>0 At dt
—_
Ar. : . s G
Thus, A is avectorin the direction of tangent to space curve(r vs t)}atposition r defined by
coordinates (x, y, z).

Physical Significance
Derivatives of vector quantity may lead to another vector quantity. If we put value of? (t)and
?(t + At) from equations (2) and (3) in equation (4).
_)
AT _ {x(t +AtL) —x(t)} : +{y(t +At)- y[t)} it {z[t +AL) - z(t)} ;

At At At At
Taking limit as At > 0

_)
dr _(dx i+ dy j+ dz k
dt dt dt dt

— A A
or U=v, i+ jry,

FEs

.(5)

_)
= dr . . ;
where v =? =velocity of particle at time ¢.

v,,v ,,v, =Cartesian components of velocity
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Thus the time derivative of displacement vector gives velocity. Again differentiating eq. (5)

with respect to t, we get the acceleration of particle defined as time derivative of velocity.
Hence, the acceleration

5

= dv

a= :dv"’i\ deA 2ic

+ i + zlt’ ..[6
at  dr  dt ’ de (6)

—»
; =, . o g dr ;
Since v itself is a derivative given as i we write
t

Eq. (6) may then be written in another way as
_)
5 s g% B
R AP g M (7
de? dt?  dt? " dt?
Similarly, higher order derivatives of vectors are described.

Q.2. What do you mean by gradient of a scalar point function? Discuss its
geometrical interpretation. Obtain expression for gradient in cartesian
coordinate system.

Ans. Gradient of Scalar Field : Directional Derivative

Consider a scalar field in which ¢ (x, y, z)is a scalar point functioni.e.,a scalar quantity whose
value depends on the values of position coordinates (x, y, z). If we change the position to
(x +dx, y+dy, z +dz) by altering three variables by infinitesimal amounts dx, dy and dz, the
corresponding change in value of ¢ can be obtained using theorem of partial derivatives as

do (6¢de +(6¢)dy+(a¢sz wif1)
ox dy 0z

where d¢ =total change in the value of ¢ from position (x, y, z) to (x +dx, y +dy, z +dz)
Position vector of point (x, y, z) is

— A A

r =xi+yj+zl’:' ..(2)
Position vector of point (x +dx, y+dy, z +dz)is
- - - A A A
rr=r+dr =(x+dx)i +(y+dy)j+(z +dz)k
Thus, change in position vector
_)
dr =dxi +dy j+dzk .(3)

Now equation (1) can be written in the form of scalar product as

op , .06 .00
dd (1—+]5 azJ (dxr+dy1+dzk]
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> >
or do =(V ¢]-dr ..(4)
= A A
where, V=i o M +j — ki ..[5)
ox "dy oz
- -
V is called del operator. The quantity V ¢ is called gradient of ¢. We write :
300 . o
ad V =l—+f—~+k— (6
gy SVl j o K (6)

Gradient of scalar function ¢ is a vector quantity.

Geometrical Interpretation of Gradient
Consider a scalar field with scalar point y
functiond(x, y, z). How fast does ¢ vary
in space? The question has infinite

answers, one for each direction we
might choose to explore. Sﬁf Qr #R ; ¢ (xy,2) =9 +dp=0Cp

Let us consider two close surfaces §; 7
and S, in the field such that (Fig.). dn 0/
>

On S, o (x,y,2)=0=Cq,
s : ==
(a constant) 1{ P ;4) Cy?) =6=C

OnS,, ¢ (x2)=¢p+dp=Cy, o *
(another constant}
From point P on surface S; to any point
onsurface S; ,increase in value of scalar z )
function is same.e.,d$, however space Fig.
rate of increase is different. If we
choose an arbitrary point R on surface 53, such that distance PR =dr, then in the direction Pto
R

=

GO0 i1 A7)
or
From different points on S,, L.H.S. of eq. (1) is constant.

_)
Let @ is a point on surface S, such that P@=dn is normal to surfaces §; at point. P- 1 is unit
vectoralong PQ. Since the least distance between surfaces is PQ,hence the max rate of increase

of ¢ is % ie.,
(dr)min =dn and [ar )m B ..(8)

Hence from eq. (1)

i =(§’J (@)
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s 3 3\
\on,)
From fig. dn =dr cos0
fa¢ 3\
d¢ =| —* |dr cosO
\on)

PN
‘;‘1‘: ndr (10)
ML

From eq, (4) db=(Vé)-dr (1)
Comparing eq. (10) and (11)
ol =%k =(%J o .(12)

We may conclude : Gradient of a scalar field is a vector having magnitude equal to max rate of
change of scalar function. It points in the direction of maximum rate of increase of function.
Examples :

= d = dn -(9)

sy
1. In a conservative field, force (F)is represented as gradient of potential energy (U)

- -
F=-VU
equation holds for both gravitational and electrostate field.

_’
2. Electrostatic field E is represented as gradient of electrostatic potential (V)i.e.,

- —»
E=—VV

Q.3. What do you mean by divergence of vector field? Discuss its geometrical
interpretation and physical significance.
Ans. Divergence of a Vector Field

_)
Consider a vector field in which vector A is a continuously differentiable vector point function
expressed as

- A A A
Alx, y,z)=A,(x,y,2)i +A,(x, y,2) j+ A, (x, y, 2)k

_)
Divergence of 4 is defined as

© LA P4A, AT

0A
04, 20 64,
ox oy 0Oz

- o2 o
ie., divA=V -4=

(1)

- - —
From equation (1), it is clear that divergence of a vector function A is itself a scalar V- A.
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Geometrical Interpretation

= > -
As the name divergence implies, V - A is a measure of how much the vector A diverges

(spreads out) from given point. For example, in fig. 1.

NN ]

(@) {(b) © (d}
Fig. 1
(a) Fig. 1 (a) has large positive divergence.
(b) Fig. 1 (b) has large negative divergence.
(c) Fig. 1 (c) has positive divergence.
(d) Fig. 1 (d) has zero divergence.

Physical Significance
To develop the feeling of physical

_)
significance let v is a vector point

function representing velocity of an ‘c
incompressible fluid at point P. E
Consider an infinitesimal volume in B
the form of a parallelopiped of sides ¢ Vz D
Ax, Ay and Az parallel to x, y, z axis P| v
respectively, P being the centre of Az . v y
parallelopiped (Fig. 2). oo R Y
Let vy,v, and v, are cartesian Pl
-'Aq- ----------------- A Jrnanassranmnanmns + G

_)
components of v atpoint P.Hencethe .
component of velocity along y-axis at *

Fig. 2
centre of face OABC is 8
o
vy - l 85,
2
Similarly the component of velocity along y axis at centre of face DEFG is
v
vy + 1 R A Ay
2 oy

Since face area is infinitesimally small, above values may be taken as the values all over the
face. Now the flux of liquid (i.e., volume of liquid flowing per second) entering the face OABC.
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= Component of velocity normal to the face x area of face
e a,v 3
1
e Y Ay |Ax Az
T2y )

Similarly, the flux of liquid coming out of face DEFG
4 6’0 N
1
=lvy+o—— Y Ay |Ax Az
SN

Thus net outward flux from parallelopiped along y direction is
Vy+- —— A [AXAz—|vy - —— Ay |AxAz=—" Ax Ay Az
2 oy 2 oy oy

Similarly, the net outward flux from parallelopiped along x direction
- %J Ax Ay Az
ox
and, the net outward flux from parallelopiped along z direction
=(a”zJ Ax Ay Az
o0z

Thus, the total net outward flux from parallelopiped
v
(6” + =t +aszAxAyAz

ox oy 0Oz
but Ax Ay Az =volume of parallelopiped.
Hence, the total net outward flux per unit volume from parallelopiped
ov - - —
0T B T e Yo
ox oy Oz

Thus, the divergence of a vector point function at a point represents net outward flux per unit

volume around that point.

Solenoid Vector Function : A vector function :4) is said to be solenoidal if div;l) =3 ;1) =0.

Q.4. State and prove Gauss-divergence theorem.

Ans. Gauss-Divergence Theorem

This theorem presents a useful relation between a surface integral of a vector and the volume
integral of the divergence of the vector.

This theorem states that :

—
“The surface integral of a vector ( A) over a closed surface S equals the volume integral of the
divergence of vector over the volume V enclosed by the surfacei.e.,’

”sz'%=”jv($'j)dv

Thus, the theorem converts a volume integral into surface integral and vice versa.
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Proof: Consider a closed surface S enclosing volume V in vector field 74) Let the entire volume
be divided into infinitesimal volume elements in the form of parallelopiped of volume dV.
Consider one such element shown in fig. with edges parallel to cartesian coordinate axes and
their lengths dx, dy and dz along x, y, z axis respectively.

¥y

Fig.
LetP; (x, y,z)and B, (x,dx, y, z)are centres of left and right faces of parallelopiped which lie in
Y - Z plane.

Since the sides of parallelopiped are infinitesimal, value of X component of :4) at entire face
may be taken as its value at centre of face.
The flux outward through left face =— A, (P, }dydz.
The flux outward through right face = A, (P, ) dydz.
Thus, total cutward flux through volume element x-direction
{Ax(P)— Ay (P )} dydz

oy (1)
ox

Similarly, total outward flux through volume element in Y-direction

64,
=" dxdydz
dy
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and total outward flux through volume element in z direction.

=y s

Total outward flux through all faces of volume element
- — oA
A-dS = {6‘42( + 7 0A;

.[ .[Surface of parallelopiped i ay By oz dedydz

- -
=(V-A4)dV
Summing up the outward fluxed through all such elements into which entire volume is

_)
divided (As dV — 0= dS — 0= summation — integration).

(A8 -[]},& Dy
This is Gauss-Divergence Theorem.

=2 24 nooah = . A L S
Q.5. IfA=5t“i+tj-t° kand B =(sint)i +(cost)j. Find
@ 245 ®) L (@xB)
a) —(A- —(4 x
dt dt
Sol. (a) z-§=5t25int—tcost
d —» 2 2 . :
E(A-B]=5[t cost +2tsint]—[t (—sint)+cost]

—5t2 cost +10t sint +¢ sint —cost
=[5!:2 —1)cost +11tsint

i 7k
- = 2 3
(b) AxB =5t t -t

sint —cost O

2 3 P B o iy 2 ;

=i(0-t" cost)+j(-t"sint —0)+k(—5¢“cost —tsint)

=—(t3 cost)i—(tg‘sint:)j—[St2 cost +tsint)k
d 7> 2 LR 2 q 3 e 4
d—(AxB]=—[t (—sint)+3t° cost]i —[t” (cost +3t° sint] j
t

—[5t2 (—sint)+10t cost + tcost +sint]k
A A
=(t3 sin t —3¢2 cos) i —(t3 cost +3tZ sin t)j

A
+(5t2 sint +£cost +sint)k



54 Examf Mathematical Physics and Newtonian Mechanics B.Sc.-l (SEM-I)

Q.6. State and prove Stoke-Curl Theorem.

Ans. Stoke-Curl Theorem

This theorem relates a surface integral over an open surface to the line integral around the
curve binding the surface.

This theorem states that

— —
“Surface integral of curl of a vector A over an open surface §is equal to line integral of vector A
along around the curve C binding the surface as perimeteri.e.,”

- = > - > 2> - > -
”ScurlA-dS=§cA-d1 or ”S(VxA)-dS=jSCA-dl |
Thus stoke theorem converts a surface integral into - —
line integral and vice versa. /

Proof : Let us consider a plane surface § of arbitrary 5 -—

_)
shape bounded by close curve C inside a vector field A T
(fig). Let the surface be divided into large no. area [—>

elements by the network of curves. {, <_‘l' J’:T J'(_T /
/

Consider on such element enclosing area dS. By "

|
|

—3
definition of curl, curl of A at centre of this element is

given as
=2 12—
curlA=—§; A -dl \
ds °¢’
- - — \-—_.__—-/
where &c, A -dl =line integral of A along the perimeter Fig.

¢’ of this element.
- - - >
Conversely fc' A -dl =curl A-dl -(2)

Now, if we sum up left hand sidei.e., the circulations around all these small loops binding the
area elements, we find that the contributions due to all binding lines of loops, except those
forming part of curve C itself, cancel out since these contributions are in the form of equal and
oppositely directed pairs. Thus the summation simply gives circulation of line integral of

-
vector A around original closed curve C.i.e.,

xf A-di=f A-dl 3

§,A-di=f -(3)
- > - =

Similarly, % curl A-dl =] J’ScurlA -ds (4)

Since no of element are infinitely large summation — integration.
Hence, applying summation on eq. (2) and putting values from equations (3) and (4).

> = - -
j? A-dl:” curl A-dS
C s
This is Stoke theorem.
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Q.7. For a position vector ;) =X ; + y;'+ z I’;, find the values of :

%

(i) grad [%J (ii) grad r" (iii) div (r" ;')] (iv) curl %
r

A

Sol. xi +yj +z:":', therefore r =(x2 + y? +z%)!/2

(i) grad (lj =$ [lJ
r r

-
r =

Here, 6—r=2[x2 +y2 +z2 )1/2 =1(x2 +y2 +22)_1/2 .2x=f
ox ox 2 r
Similarly, o _Y g 9r_z

-
grad[]'J:_l|:i.x+j.y+k.zi|=_r
r 3

g Yo 98 2
(ii) grad r™ —(rax+]ay+k J(r)

a1 [0 50 g
ox "oy Oz

=nr"1 {’1\ (5] +}[ZJ +I’;(EH =nr"? ?
r r r

(iif) div (" T-’]—ﬁ " T)

—(r X]+a—y(" y)+ (r z)

| 1O ] 4 yart1 OF )i P = LBE
ox ay 0z

=3r" +nr* 1 x+a—+y+a—r+z .4
ox oy oz
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st a1 oo (2) oo

2
=3r" 4nr"”1 [r] =@B+mr”
r

— A A A
(iv) r xi+yj+zk
R
NP7k
Curl L =£ 2 2
P3| |ox &y oz
T . N
3 3 8
M K R T 0 AR | P I il A
ay\p3 ) oz\,3 oz\ p3 ) ox|,p3
Rl y)-elx
x\p3 ) y\,3
_j| B2 .or p3y or | 5| —3x or 3z or
r4 ay r4 oz r4 0z r4 ox
+,:[—?w.6r+3»<.6r}
rt ox t o
3 y z), 3 X
A
r r r r r r
. _y[’fjﬂ(y)?c
ri r r
-
=0
_)
We can say LB is irrotational.
r

Q.8. Define the dirac delta function and discuss it important properties.

Ans. Dirac Delta Function

The Diracdelta function is a function introduced in 1930 by P.A.M. Dirac. It is the name given
to a mathematical structure that is intended to represent idealized point object (such as point
mass or point charge) or to describe impulsive force. It is most widely used in quantum
mechanics.
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Physical Model : Consider a physical model that visualizes a delta function distribution of
unit mass on x-axis in small region at origin.
Let u(x) =linear density = mass per unit length

u(x)=0ifx< -¢

ux)=0ifx>—¢

p(x)=finite —e<x<g
where € small. p(x) vs x graph is shown in fig 1 (a).

nx)

H(x)
.
-8 0 +s % 5 s x
(@ ®)
Fig. 1
Area under the curve
oo
I_w u(x)dx =total mass =1
If & — 0, distribution —» point mass

u(x) vs x curve will become as shown in figure 1 (b).
The curves showing linear charge density vs x graph due to a point charge at origin and
impulsive force vs time can be interpretend in same way.

Definition of Dirac Delta Function
The Dirac delta function is represented with the Greek lowercase symbol delta, written as
function; 8(x). It is defined by the following property :
0 if x=0
3(x)=
w if x=0

1

: o0 = 5
with J‘m §(x)dx =1 .(2) 500 )

This can be pictured as infinitely high,
infinitely narrow spike at x =0, shown in fig
2 (a) which is limiting case of figure 2 (b).
L.H.S. of equation (2) represents area under
the curve which might by unity.
Mathematically delta function is not a
function at all since it is too singular and its > X X
value is not finite at x =0. It is a generalized @) )

idea of functions which can be used inside
integrals. In mathematical literature it is
called generalized function or distribution.

Fig. 2
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Important Properties
1. 8(—x)=38(x)i.e.,8(x) is even function.
Proof : We know E:o é(x)dx =1

if x » —x, limits change « to -8

- (78 (x)d (=) =1
- - [ 8(-x)dx =1
- [ 8(-x)dx =1
From above
= [7 s(xydx =" 8(—x)dx
ie., 6(x)=6(—x) -(3)
2, x3(x)=0
Proof: If x =0,8(x}# 0 and if x = 0,8(x) =0, therefore all values of x.
x3(x)=0 w(4)

3.If f(x)}is continuous function

f(x)d(x)= f(0)8x
Proof : 8(X) =0 everywhere except at x =0. It means the product f(x)6(x) =0 everywhere
except at x =0. It follows that

FE8(x) = F(0)3(x) ~(5)
4.[7_ f(x)8(x)dx=£(0)
Proof : LH.S. =j_°°m Fx)8(X)dx
=" FO)80x)dx [using property (3)]
= fy j:o 8(x) dx
= [, 8 dx = £(0) ~(6)

In equation {4), 8(x) can be regarded as operator. Which pulls the value of function atx =0.
5. 8(ax) = 4 8(x),a is a constant, a >0
a

Proof : Multiply L.H.S. by f(x)and integrate over — « to .
J’_"';o £(x)8 (ax)dx =1I (Let)

Substitute ax=y = x =7 and dx =d1

a a
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1=J':f[y]5(y)°b’ =1j':f(yJ8 (M dy
a a a a

L fO)=> " fGx)8(x)dx
a a

Thus, I—oo‘”f[x)& (ax)dx =1Im f{x)d(x)dx
a —a0
Le., 5 (ax) =L 5(x) A7)
a
6. Shifting Property : If we shift the spike of 6(x)} vs x curve fromx =0to x =a,as shown in fig
(3). Then as equation (1) and (2) become . 5 (z—a)
5 (x—a) = 0 if x=0 (8) '
w if x=0
and Loa(x-a)dx =1 w(9) 6 1 X
Then eq. (5) and (6) generalize to Fig. 3
f(x)é(x—a)=f(a)d(x—a) ..(10)
I:, F(x)8 (x —a)dx = f(a) ~(11)
7. Differentiation properties :
(a) 8" (—x)=-9"(x)
: =9 sex=—9 5=
Proof: LHS. = o 6 (—x) A o (—x)
e, B e 8 [=x) =
=5 25800 [+ (~x)=5 (x)]
= &' (—x)=-98'(x) w(12)
() x:xﬁ(x]=—8(x)
Proof: I ® x ; 8 (x)dx =x8(x)|Z, —J'm 6 (x)dx (Integration by parts)
—o0 b4 —00
=o-j:5(x)dx [+ x5(x)=0]
=5 2 x %smdx = [*5(x)dx
Comparing both sides X ;x o(x)=-8(x) ..(13)
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Coordinate Systems
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Q.1. What is meant by a coordinate system?

Ans. Coordinate systems are used to describe the position of an object in space. A
coordinate system is essentially an artificial mathematic tool to describe the position of a real
object. It also helps us to understand the motion of particle or a system of particles.

Q.2. What is the meaning by pseudo force?

Ans. A physically apparent but non existent force felt by an observor in a non-inertial frame
(that is, a frame undergoing acceleration). Newton's law of motion hold true mithin such as
reference frame only it the existence of such a force is presumed. The centrifugal force is an
example of a pseudo force.

Q.3. What is centrifugal force of Earth?

Ans. Centrifugal force is the apparent outward force on a mass when it is rotated. Since
earth rotates around a fixed axis, the direction of centrifugal force is always outward away
from the axis. Thus, it is opposite to the direction of gravity at the equator, at earth poles it is
ZETO.

Q.4. Draw unit vector :; and 6 in polar coordinate system.

Ans. The radial unit vector r and tangential unit vector 8 are taken along the direction of
increasing r and increasing 0 respectively.

[==]
=t>

X
Fig.
Q.5. Drive the expression for the line and volume elements in cyclindrical
coordinates.

A
Ans. Infinitesimal displacement in r direction =dr
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.3
Infinitesimal displacement in 8 direction =rd0

Infinitesimal displacement in ; direction =dz.
Therefore, displacement vector from (r,0, z) to (r +dr,0 +d6, z +dz)

- A A A
dl=drr+rd06+dzk

The volume element dV =drrd0dz
dV =rdr d6 dz

Q.6. Show that the plane polar coordinates are orthogonal.
Sol. r=cose§+sin9}

A A A
0=-sinO7+cos0 j
A A
r-0=-—sin0 cosd +sin 0 cos¢ =0.
Q.7. What are polar coordinates used for?
Ans, Polar coordinates are used often in navigation as the destination or direction of travel
can be given as an angle and distance from the object being considered. For instance, aircraft
use a slightly modified version of the polar coordinates for navigation.

Q.8. The polar coordinates of a point are r,0,¢=8,30° and 45°. Find the
Cartesian coordinates of same point.
Sol. x=rsin9cos¢=Bsin30t:os45=8x1xi=2~ﬁ
2 2

y=rsin0@sind =85in305in45=8x1xi=2ﬁ
2 2

3 _443

Z=rcosd =8cos30=8x—=4

2
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Q.1. Differentiate between one dimensional and two dimensional coordinate
systems.

Ans. One Dimensional Coordinate Systems

The most easiest coordinate system to describe the location of objects is one dimensional
(1 — D) space. In this coordinate system only one coordinate is needed to define the location of
an object. Suppose a train is at position x =0 (x is a single real number), which we can call as
origin. If it is constrained to move along a straight line (say x-axis), then all points on the east
side of the origin corresponds to positive values of x and that of west side corresponds to the
negative values of x.

—x  Origin
@ & x

x=0 x

Fig. 1
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Hence x-axis is our coordinate system in which we can represent the location of a body by
drawing an arrow starting from the origin in the direction of increasing x.

Two Dimensional (2-D) Cartesian Coordinate Systems
If a particle moves in a plane but not along a straight line, then1-D y
coordinate system is not appropriate to describe the position of the
particle, but a 2— D Cartesian coordinate system is used. A2-D
Cartesian coordinate system is formed by two mutually
perpendicular axes. The two axes intersect at the point 0, called the
origin. In the right handed system, one of the axes directed to the
right is called x-axis, while the other directed vertically upwards is
called y-axis. The coordinate of a point P on the x- y plane is 0 M
determined by two real numbers x and y. If we drop a
perpendicular from point P on x-axis the foot of perpendicular Fig. 2.
meets on x-axis at M. The distance of M from the origin of the
coordinate system is called x-coordinate of the point or abscissa and similarly the distance of
foot of perpendicular dropped from P on y-axis from the origin is called y-coordinate of the
point or ordinate i.e,

OM=x; ON=y
and point P is denoted as (x, y).

Ifi and jbe the unit vectors along x and y-axes, then the position vector of point P with respect
to the origin is given by

— A A

OP=xi+yj
The unit vectors are taken along increasing directions of x and y respectively. The distance
between two points P; (x4, y; }and P, (x5, ¥ ) lying on Cartesian plane is

PP =\/(X1 ~x ) +(y1 - 32 )

Q.2. Derive the expression of the basic vectors in cylindrical polar system.
Sol. Basic Vector in Cylindrical Polar Coordinates : The basic vectors in cylindrical

A A A
coordinate system arer,8 and k

oy A A
r=xi+yj
- A A
r =rcos®i+rsin0j
.
A F B o e
r=—-=cosBi+sin0 j
r
A A A s A T A
Unit vector 0 is perpendicular to r € =cos E+B i +sin E+9 j
A A A
0 =—sin0i+cos0 j

Also ; =I’;
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Also ?‘xé=£’;6xl’}=?‘;£’x;=6

Displacement vector, arc length and area elements in plane polar coordinates : In plane
polar coordinate system, two coordinates of a point are {r,8) This point is displaced to
(r +dr,0 +d0). Then

An infinitesimal element of length in r-direction =dr

and an infinitesimal element of length in 0-direction =r do
Therefore the line element or infinitesimal displacement can be written as

—) A A
di=drr+rdb o
The area element can be written as ar.

- A A
dS=drrxrdo9
—rdrdo (rx8)=rdrdon

A
where n is a unit vector normal to r —0 planes containing area elements ds.

Q.3. Derive relationship beteen line, volume and surface elements in spherical
polar coordinates.

Sol. Line, Volume and Surface Elements in Spherical Polar Coordinates: Let therebea

point with coordinates (r,0, ¢} It is displaced to a new location (r +dr,0 +d0, ¢ +d¢)

A
An infinitesimal element of length in r direction =dr.
An infinitesimal element of length in © direction =length of an arc =r d0
An infinitesimal element of length in ¢ direction =r sin © d¢

_)
The displacement vector or line element d! can be written as

—» A A A
di=drr+rdog+rsinfdpd
The infinitesimal volume element
dV =drrdOrsin6dd

=r? sin 0 dr do do
For surface element, there is no general expression as it depends on the orientation.
Let r remains constant and 0 and ¢ are allowed to vary. Then area element

- A A
dS; =rdéOxrsind¢
=r?sin0 do (6 xci;] =r?sin6 do ;
Similarly if © remains constant and r and ¢ are allowed to vary. Then area element.
— A A
dS; =drr xrsin0d¢ ¢
=rdrsin@d¢ ¢
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Q.4. Aparticle masses in a plane withr =4 m/s and 6 =2rad/s. Find the velocity
and acceleration of the particle whenr=3 m.

— A LA
Sol. v=rr+r@o.
n n A a Y
=4r+3x20=(4r +66)m/sec. 5 2
_)
|0 =y42 +62 =,/16+36=\/5_2;tan¢=g. $
- . g A .. b
a=[F-ro“)r+(ro+2r0)0
Pl o 599 _g
dt dt
— i A LA A A : *
a=-r02r+2700=-3x4r+2x4x20 Fig.

=—12r +160.

Q.5. Derive the expression of the gradient, divergence and curl in spherical
polar coordinate system.
Sol. Gradient, Divergence and Curl in Spherical Polar Coordinate System : In spherical
polar coordinate system
x=rsin@cos¢

y=rsin0sind
z =r cos0

Differentially all of these transformation equations

dax =% dr + X a0 + % g
or 0 0

dx =sin € cos¢ dr +r cos0 cos$ dO —r sin O sin ¢ d
Similarly, dy =sin 0 sin ¢ dr +r cos9 sin ¢ d6 +r sin 0 cos¢ dd
dz =cosO dr —r sin 6 dO
Now the line element dS can be written as

ds? =dx? +dy® +dz”
ds? =dr? +r?de? +r?sin® 0 dp*?
It can be seen from this equation that
41 =T.q2 =9,43 =¢
hy =1,hy =r,hg =rsin0
unl =;,uA2 =0,un3 =:1‘>
> u 8 +u2 as u3 as
hy 0q1 hy Ogp hs oq3
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So_nos 9 as 6 os

VsS=
6r rc’)‘B rsmG 6¢
—i A A A
or V—>ri+91£+ L)
or r 0o rsin o

- - 1
NOW, V-V= [V1h2h3]+—(V2h3h1)+—(V3h1h2 ]}
hihzhg {5(11 dq;3
ov,
Vv=_1 Oa2py, 1 O rgppys. TR
rsing or rsin© 00 rsin@® &¢

8y A A A

(Here V =V, r + Vg0 +V, 6)

; ré rsineci;
1 68 @
r¥sing |or 0 o

V., rVg rsingV,

- —
VxV =

Q.6. A bucket of water u allowed to spin with angular speed ©. What will be the
shape of the water surface?
Sol. Consider a small m of water at the surface of the liquid. The force acting on it are :
(i) Normal force N (ii) Weight (iii) Pseudo force
NcosB =mg

N sin 0 =mro®

(Dz r

tang =27
g R N

|
|
2 s - A
Also' tane—g Lr mre?
r g v
2
Fig

g
L ?r?
2 g '
Therefore, the surface is the paraboloid of revolution.

Q.7. Write short note on velocity and accelaration in cylindrical coordinates.
Ans. Velocity and Accelaration in Cylindrical Co-ordinates

The analysis of polar coordinates can be extended to three dimensions cylindrical coordinates
by adding z-coordinate. Every point in space is determined by r and 0 coordinates of its
projecticn in x — y plane and it z coordinate.

zZ=
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t

A A . 1 ”
r=cos0i+sin@ j \ . 8
A A A E \‘\ k
0=-sinBi+cosH j A NN
A . & z P\ ~.
Also ar =00 . s -
dt k .y
A A
A
@ =_er ; ﬂ =0 0 » oy .y
dt B . j
The position vector of P can be written as o

- A A - A LA A
r=rr+zkandvelocity u =Fr+r00+zk

X
Finally the acceleration can be written as Fig.

g . A - LA A A A A
a =(F-ro?)r+(r8+2r0)0 +7k=a,r +agb+a, k
where a, =F -r6%;aq=rd+2r8;a, =% and a=vya? +a} +a?
Also the equation of motion in component form can be written as
F. =ma, =m (¥ —r §?)
Fo=mag=m(ré+2r0)
F,=ma, =mZ
Q.8. Explain the basic vectors in spherical coordinate system.
Ans. Basic Vectors in Spherical Coordinate System

A A A
The basic vectors or unit vectors in a spherical coordinate system are r,6 and ¢ which are

directed respectively along the direction of increasingr, 8 and ¢. The surface of constantr are
sphere of radius r.

z
r
-y &
W
-~ L’ ¢
R
-~
;
)
[
fcos @ \
_____ A |
s
r" i 1
I 1 1
I ] i
; = ¥
1 ~ ;e
\\‘. 1 ¢ \\\ ;’ 54
-._‘_._ 1} R S "r
Dy 2 M-
b oy, Tl ]
L) ¥y Q.r
\ ,-’
\\ 7’
. /
~ ,’
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The surface of constant® is a cone of semi angle ® about the z-axis. A surface of constant¢ is a
plane containing the z-axis which makes an angle ¢ with the reference plane :

? =5§’=5)Q+6;’=rsin9;+rcoseﬁ

Also ;=c059 Ir\ +sin¢}
? =r sin6c0s¢’1:+r sinBsin¢}+r cosGI:
;=sin9cos¢;+sinesin¢ }+COSBI’;

The unit vector 6 is perpendicular to ;\'
0 =sin (g +9]cos¢ i +sin [g +G] sing j +cos[g +9Jk
6 =cosf cos¢? +cosBsind } —-5in @ IAc
To find out ¢, let PQ be perpendicular to xy plane
0Q=r sin 0 =p (say)
The unit vector ¢ will be perpendicular to p.
— A A
p =pcos¢i+psing j

3=cos¢?+sin¢}

2 s Ao m #
=cos| —+¢ |{ +sin| —+

bmcos( 704 Jivsin( 244

¢=-sin¢i+cos¢ J
A A A
The unit vectors r, 0 and ¢ are orthogonal vectors and follows :
rx
x¢
A A A
oxr=0

Q.9. Show that the motion of one projectile as seen from another projectile will
always be a straight line motion.
Sol. Let us consider two projectiles with their initial velocity are angles of projections as
uq,u3,94,0; respectively.
Let P (x4, y1 ) and @(x2, y; ) be two points on two projectile paths at a time ¢.
X, =ucosBqt

D>
Il
N S

D>
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¥
y1 =uy sin 91t—%gt2
U5
and Xz =U3 €0s05¢ Qg y,)
Y2 =uy sin® t—lgt2
2 =g 2"y n, Plqy)
Y2 —)y1 _uzsin®, —u; sin0, —m
X3 —Xq Uupcos@,; —uqcosOy B
Y =xX 81 .
which is a straight line. Fig.

.10. A particle is moving in a circle of radius r with a uniform speed v. Find the
rate at which the acceleration change.

-3 y A s . A g N . e
Sol. a=(F-ré*)r+(ré+2r6)0=—ré?r {'.'f:O,Z—S:B:%,B:O}
2 A 2 A
=—RY ;=Y ;
R? R
- A
da __v*drds_ v’ wg vy
dt Rdodt RR R

41" LONG ANSWER TYPE LIV 11D

Q.1. Describe polar coordinates system in brief.

Ans. Polar Coordinates System

It is an alternative coordinate system where very point on the plane is determined by a
distance of the point from the reference origin (r )and an angle (0) from a reference direction
instead of x andy. Here r and 0 are called (r,0) polar coordinates and labeled as (r,0). The
distance of the point from the origin is called radial coordinate or radius r and the angle is
called polar angle or azimuth or angular coordinate.

90°
120° 60°

180%
P (1 0)

2 100 330D

e 240° 300°
0 Reference direction 270°

Fig. 1 Fig. 2
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A positive 0 is measured counter clockwise from the axis. In order to plot the points on polar
graph the r-coordinate is taken as the length of directed line segment from the pole (origin)
and 0 denotes the directions of r.

The range ofr is from 0 — <o, while 8 ranges from 0 to x.(r, 8) Cartesian coordinates (x, y)and
polar coordinates can be interconverted also. If we plotx and yaxes associated with the origin

of polar coordinate system, then y
x
cosB=— = x=rcosf
r P(xy)
sine=? = y=rsin® (r.0)
r " r .
Also, x% +y% =r?{cos® 0 +sin? 0)=r? 4
- x
in® Fig. 3
Y ISV _ng = 0=tanl”
x rcosf X

The above equations can be used to convert polar coordinates (r,0)to Cartesian coordinates

(x, y) and also Cartesian coordinate (x, y) to polar coordinates (r,0).

Q.2. Define 3-D rectangular cartesian system. Distinguish between left and
right handed cartesian system.

Ans. Three Dimensional (3-D) Rectangular Cartesian System

In three dimensional space, the rectangular Cartesian system z

is based on three mutually perpendicular coordinate axes, the

x-axis, y-axis and z-axis. These three axes intersect at a M Plxy,2)
common point, called the origin O of the system. In this B :
system, a point in space is represented by three coordinates ] :

(x, y,z). These coordinates represent the distance of the
point under reference from origin O along the x, y and z-axes :
respectively. To visualise, let us consider the origin Othe point o ——y
where the walls in the corner of a room meet the floor. The '
x-axis and y-axis are horizontal lines representing two sides

of your room. The z-axis is the vertical line at the point of
intersection of x and y-axis i.e., the corner of the room. x
Now, we consider a point P(x, y, z) some where in room. Fig. 1

Drop a perpendicular on z-axis. It meets on M. The distance of

foot of perpendicular M from the origin is z-coordinate of P. Similarly drop a perpendicular
from P on x- y plane. It will meet on the plane at N. From N again, drop perpendiculars on x and
yacxis and distances of foot of perpendicular from N on x and yaxesi.e.,P and Qfrom the origin
Orepresents x and y coordinates of the point P.

The rectangular Cartesian system may be of two types :

1. Right Handed Coordinate System : If you curl the fingers of your right hand from
positive x-axis to positive y-axis and the thumb of your right hand points in the
direction of positive z-axis, the resulting coordinate system is called right handed. A
right handed system is shown in figure where x and y-axis are on the plane of the paper
and z-axis is perpendicular to the plane of paper directed outwards.
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2. Left Handed Coordinate System : If the three axes are chosen in such a way that
curling the fingers clockwise from x-axis to y-axis results the direction of thumb along
z-axis. A left handed system is shown in figure where z-axis is normal to the plane of
paper directed inwards.

+z -2

Clockwise

+y
Anticlockwise

+X
Fig. 2
The left and right handed coordinate systems are two equally valid mathematical universes.
The left handed system can also be obtained by mirror reflection of the right handed system.

A A A
Letx, y and z-axes are represented by three unit vectors i, j and k pointing towards increasing

x, y and z-coordinates from the origin. The position vector of point P (x, y, z)can be written as
— A A A
OP=xi+yj+zk
(Q.3. Show that the radical and tangential components of acceleration in
two-dimensional space are given as :

a, =t —-ro? _XX+yy
\[Xz +y2
ag=ré+2ro="I*XY
‘\Xz +y2
Sol. x=rcos0; y=rsin0 (1)

x=rcosb-rsin06
X¥=F cos® —rsin0® —rFsin06 —rcos06% —rsin0d

=(F-r62)cos0—(r& +2r 6)sin® w(2)

Similarly y=(F-r62)sin0 +(r 6 +2r6)cosd w(3)
From equation (2) and (3)

¥cos®=(F-r62)cos’0—(rd +2786)sin 0 cosd w(4)

ysin® =(* -r 82 )sin? 0 + (6 +2r0)sin 6 cosd ..(5)

Adding equation (4) and {5)
¥cos0 + ysin® =F —r 62
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a, —F —r 62 =)‘('£+jiZ
r r
a, = XX+yy
2% 492
Similarly, ¥sin® =(F-r62)sin0cosd —(rd +2r6)sin? 0

jcosB =(F —r 62 )sin 0 cosB +(r § +27 8)cos’ &
Now ycosO—xsin@=(r6+2r8)

lagl=r 6 +2r8=pT X TV VX

r ro Je? 4 y2
Q.4. Describe orthogonal curvilinear coordinates in detail.
Ans. Orthogonal Curvilinear Coordinates
For solving partial differential equations related to z
various physics problems, it is often necessary to
rewrite them in suitable coordinates instead of
Cartesian coordinates to find simpler solutions.
Enormous simplifications can be achieved if all the
boundaries of the problem correspand to coordinate
surfaces which are generated by holding one
coordinate constant and varying the other two.
Accordingly many special coordinate systems have
been developed to solve problems in particular
geometries. The most useful of these systems are
orthogonal i.e, at any point of space, the vectors
aligned with the three coordinate directions are Fig.
mutually perpendicular. In general, the variation of a
single coordinate will generate a curve in space rather than a straight line, and hence it is
called curvilinear.
In a cartesian system the position of point P(x, y,z) is determined by three mutually
perpendicular planes i.e, x = constant, y = constant and z = constant.
Let us consider three other families of surfaces described as g; =constant, g; =constant and
g3 =constant. The surface of these families need not be parallel and also planes, but intersect
at point P. The values of q{,q;,q; for these three surfaces intersecting at P are called
curvilinear coordinates e.g., P. The three new surfaces are often called coordinate surface or
curvilinear surfaces.
If the three coordinates surface g; = constant, g, = constant and g3 = constant are mutually
perpendicular at every point P (x, y, z) then (g1,q,,q3) are called orthogonal curvilinear
coordinates. Also (%, y, z) can be expressed in terms of (g1, ¢, 43 ) and vice-versa.

x=x(91,92,493)
y=y(q1;q2;q3)
z=2(91,92,493)

4= Constant/%; =Constant
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g1 =q1 [x,y, Z)
or q2 =4 (x,y.2)
g3 =q3 (x, . 2)

With each family of surface g; =constant a unit vector u; can be associated in the direction of

increasing q; and normal to surface g; = constant
The partial differentiation of the equation above

ox ox ox
dx = dgqq + dg, + dqs
oqq 0qy 0q3
0 5]
dy="2 dg, + % dg, + Y dq
0qq 0qz 0q3
dz=22 dqp + 0z dg; + oz dqs
oqq 0q; 043

The square of the distance between two neighbouring points.
ds® =dx? +dy* +dz>
=L hjdqda;

where coefficients h;; are given as

a2 )2 ()

For a orthogonal coordinate system
hy =0,i#j

If we take hij =h; ,then

ds? =(mdag, ) +(hyday)* +(hzdgs )’
hy,hy , hy are called scale factors.
The distance between any two points on a coordinate line is called the line element. When the
variation is limited to any given g; with other ¢’s constant, then

ds; =h;dq;

The three curvilinear coordinates g, ,q;,g3 need not be lengths. Also scale factors b, hy , i3
may depend ong's and have dimensions. However, the product h;dq; will have the dimensions
of length.
The three possible surface element in an orthogonal system are

dsy =ds;ds ; =h;hdg;dq; (i, j=1,2,3andi# j)
and volume element

dv =d51d52d53 =h1h2h3dqldq2dQ3
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Q.5. Derive the expressions for velocity and acceleration components in a
polar coordinate system.

Ans. Expression for Velocity and Acceleration Components

In polar coordinates, the position of a particle P is determined by y

value of the radial distance to the origin r and the angle that the -
radial line makes with an arbitrary fixed line, such as x-axis. The
trajectory of the particle is determined by knowing both rand 0 as
afunction of timesti.e.,r(t)and 8(t} The directions of increasing

==}

i * P(r,0)
r and 8 are defined by unit vectors r and 6.
The position vector of the particle can be written as
- A g
r=rr (1) x
Fig. 1

Since the vector r and 0 are clearly different from point to point,
their variation will also have to be considered while calculating
velocity and acceleration over an infinitesimal interval of time, the coordinate of point P from
(r,0)to (r +dr,0 +d0) as shown in diagram below :

5 r+df
Y +db
X F
Lt}
S,
by 2
7
d
0 X
Fig. 2
One can see thatr and 0 do not change when coordinate r charges.
A A
ie., 0 wnd 9 [(2)
dr do

On the other hand, when 6 charges from 0 to 8 +d8, the vector r and 0 are rotated by an angle
d0. From the figure

and dr=do® (3)

d6=—dor
This is because their magnitudes in the limit are equal to the unit vector as radius time d0 in
radians. Dividing by d0

—=0 and —=-r «{4)
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Multiplying both sides by 6
d r|(de _6 6 st d 9 (de)_ ;‘_ 6
ao |\dt dt | \dt
U _66 and 20-_rg
dt dt

Mathematically it can be done as follows :
r=cos0i=sin j

8 =cos (90 +0) 7 +sin (90+8) j =—sin 01 +cosO j

Differentiating with respect tor
47 4 ana 99 g
dr dr
Now differentiating with respect to

£=—sm0 i +c0591 B
do

@=—cosel —smﬁj ——r
do

Now from equation (1), the velocity of the particle

- - A A
v=r=rr+rr

— F.S LA A A
v=rr+r00=v,i+vg0

.(5)

.(6)

(7

.(8)

Here v, =r is the radical velocity and vq =r& is called tangential/circumferential velocity

component.

Total velocity v= \Hv,% + v%

The acceleration can be obtained by differentiating velocity with respect to time.

3_: r;+rd—+r96+r90+r9@
dt dt

—Fr+r00+7004r00+r0(-r6)

@ =[i"—réz);\'+[ré' +2f9)6 =a, r +a96

a, =F-r 62 - radical acceleration

ag =r § +2r 0 — tangential acceleration
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Total acceleration a=ya? +a}

In two dimensional polar coordinate system, the equations of motions of the particle can be
written as

F, =ma, =m (¥ -r §?)

Fo=may=m(ré+2re)
Q.6. Explain the non-inertial coordinate system or frame of reference.
Ans. Non-inertial Coordinate System
A coordinate system or frame of reference in which Newton's laws of motion are valid is called
an inertial frame of reference. All frames of references moving uniformly relative to an inertial
frame are also inertial. But when a frame of reference is accelerated with respect to an inertial
frames, the forms of physical laws such as Newton second law becomes different. Such a
coordinate system having an acceleration relative to an inertial frame is called non-inertial

frames of reference. Some of the examples of non-inertial frames are :
(i) An accelerated train

(ii) A car tarting a round turn with constant speed.

Let a reference from $' moves with a constant acceleration ag with respect to an inertial frame
S. The acceleration of a particle of mass min S frame is a.

The acceleration of particle as observed by observer in frame of reference §' is

- 2> -5
a'=a—ay

— — —
ma' =ma —mdg

't F —may
m

_)
Thus, Newtons second law of motion @ =— is not valid in a non-inertial frame as the

3 =

acceleration of the frame enters into the equation of motion for a particle.

_)
In such frame an extra term —mag has been added to the sum of all forces to write Newtons
second law.

Pseudo Force

In order to retain the terminology of Newtons second law even in non-inertial frame of
references, for computing the total force on the particle, an imaginary force —mnay is also
added with all real forces acting on the body. Such correction terms —may are called pseudo
forces. This pseudo force is taken into consideration for discussing the motion of a particleina
non-inertial frame and still retaining Newtons second law. Pseudo forces are also called
fictitious forces.

=5 > > 2> o
ma' =F —-mayg=F +F;

— -
where F; =—may is pseudo force.
Total force = True force + pseudo force
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Q.7.
(D
(i)
(iii)
(iv)
Sol.

(i)

(iii)

(iv)

Examf Mathematical Physics and Newtonian Mechanics B.Sc.-l (SEM-I)

Total acceleration = True acceleration - acceleration of non inertial frame
Centrifugal force is an interesting example of pseudo force. A uniformly rotating frame has a
centripetal acceleration, therefore it is also a non-inertial frame. Coriolis force is also a
fictitious force which acts on the particle when it is in motion relative to a rotating frame.

A particle moves with § = and r =ryge®

sketch the path

find speed of the particle as a function of 6

radial and tangential acceleration.

show that the tangential acceleration is ::

()0 =ont

r =roee
— LA LA
V=Fr+ror
r =roee

F =roe % =rgwe®

0

v, =F =rgme Vg =rb =roeem

S e A A
v=rgé’ or+0)
|1j|=roee(m/5

a, =F —r?

r =rc.coe9

¥ =rqwe %0 =rgw®e®

a, =r00)239 —roeeo)2 =0
ag=r8+2ro
0=0= 0=0

ag =27 0 =2rywe o =2ryn’e’

a; =2rgafe® cos45°=+2r, o e

v=v20r e®

% =v2 orge® o =2a?re® =a,.

e
2|

[«=}}
-~

L)

ig.
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Introduction to Tensors
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Q.1. What are tensor quantities?

Ans. A physical quantity which is neither vector nor scalar is known as tensor quantity. A
tensor field has a tensor corresponding to each point space. An example is the stress on a
material such as a construction beam in a bridge. Stress is a tensor quantity.

Q.2. Define Einstein summation convention.

Ans, Einstein Summation Convention : If any index is repeated in a single term once as a
subscript and once as a superscript, then the single term represents the summation over all
admissible values of the repeated index. This convention is called Einstein summation
convention.

ol —g ol
Zj}ajx =a;x

Zilzj}a,-jxixj =aijxix’

Q.3. Write the law of transformation of tensor A,';j .
ax't _ o'/ x°
x® ox? ax'k
Q.4. What is meant by invariant tensor? _
Ans. Invariant Tensor : When a physical quantity have a value 4 in coordinates x' and 4’
under a transformation to a new set of coordinates x'' and then if

A=A
then the quantity A is called a scalar or an invariant or a tensor of rank zero.
Q.5. IfAY are n? quantities, show that 3; ATk =7k
Ans. &' A% =5l Ak 185 A%k 185 A%k 1. 8L A

Ans. 4¥ =

ab
: 498,

= Ak (The only term which will be non zere is the one wherei =n)

Q.6. What is the fourier series and its applications?

Ans. A fourier series is a specific type of infinite mathematical series that involves
trigonometric functions. Fourier series are the ones which are used in applied mathematics
and especially in the field of physics and electronics to express periodic functions such as
those that comprise communications signal wave forms.
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Q.7. Show that if a tensor is antisymmetric with respect to a pair of indices in
one coordinate system, it is same in every system.

Ans. Ay=-Apin coordinate system x’
. ox® oxP
Ay = e A
ox" oxtt
B o
. ox : -ax_ — ity
ox'l ox'

Q.8. What is meant by four vector?
Ans. In special relativity, a four vector is an object with four components, which transform
in a specific way under Lorentz transformation.

Q.9. Show that the velocity of a fluid at any point is a contravariant vector.
i

Sol. The velocity of fluid at any point in coordinate system x' has component ax_ and x"

of

has . Now

dx  ox’ dxl ax dx? ax't dx"
TR WY

dt  pggl dt g2 dt gt dt
_ox! ax]
axf dt

The equation satisfies contravariant law of transformation and hence velocity at any pointisa
contravariant vector.

Q.10. Define mixed tensor of rank 2. _ _
Ans. Mixed Tensor or Rank 2 : If (n)2 quantities A'j in a system of variable x' are related to

other (ﬂ]2 quantities A’ij in another system of variables x! by transformation equation.
o ) oxP
ox* ox'l

then the quantities Af,- are said to be the component of a mixed tensor of second rank.

o
A’y

.Ag

Kronecker delta 8! is a mixed tensor of second rank.
Q.11.Write the following in brief form using summation convention :
a;x1y® +a,x%y® + . +ax"y?
Ans. Inthe given series superscript of y =3 is same in all terms while the subscript of @ and

superscript of x vary from 1 to n. Therefore the above series can be written as a,-xf y3.
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Q.1. What is Kronecker Delta?

Ans. Kroncker Delta
lif p=v

Oif p=v

Kronecker delta symbaol 84 ={

It is very important in tensor analysis. The properties of Kronecker delta are as follows :
1. 81 =83 =...=8" =1
B

2. 85 =83 =...=8), =0(u=V)
3. 8! =81 +83 +83 +...+8% =n
4. A8 =4
oo i i
8. & st o 25N ranid P _0ifia v
ox! ox’ ox’
I sd P
6. ox . ol ox =6,k
axd ax*  axk
ox't ) ax’ =6x’i _si
o) awk Xk *
i sf _gl
7. 88, =8,.
Q.2. Distinguish between symmetric and antisymmetric tensors.
Sol. Symmetric and Antisymmetric Tensors
A tensor A7 is said to be symmetric tensor is
AT =a7

i.e., It remains unaltered with interchange of indices.
A symmetric tensor remains unaltered by coordinates transformation

a¥-pt
v =6x’i .6x'j 408 =6x’i _Bx'j ABe
ox* oxP oxP ox®
=6x’1 o aPa _ g
oxP ox®
Similarly a tensor AY is said to be antisymmetric or skew symmetric if
AI] == A]l

The anti-symmetric property also remain unaltered by coordinate transformation i.e.,
Arfj =—A Ji
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A =_£.ax_'j A%P =_£.6X'j Abe
ox™ axP axP ox“
=_ax_'j.£ ABa _ g
P ox®
.3. What are Levi-Civita Symbols? Explain briefly.
ym P y
Ans, Levi-Civita Symbol

Levi-Civita symbol in three dimensional space is a tensor of rank-3 and is denoted by &,
while in a four dimensional space, it is a tensor of rank 4 denoted by €,,5.
It is also called Epsilon tensor or alternate tensor or permutation tensor.
In three dimensional space, Levi-Civita symbol &, is a quantity which is anti-symmetric in
all its indices.

+1if u, v,c isan even permutation of {1, 2, 3}

v =1 —1if b, v,cisan odd permutation of (1,2,3)
— D otherwise [contain two or more repeated indices

Levi-Civita tensor and anti-symmetric in every pair of indices
Euve =" EByug =TEvop =" Eowp =tEouv

Four Vectors : In relativity, an event is defined by space time coordinates (x, y, z, t). When we

look at the event from another moving coordinate system, both the space and time coordinate

are no more independent, but they are dependent on each other. Four vector is a

representation of an event with four components which transfrom from one coordinate

system to another. A four vector A is a vector with notations
A=(4A% A%, A%, A3)or (A1, A%, 43,4
=AY wherep=0,1,2,3 or 1,2,3,4
Four vector transform like tensors.

Q.4. Write all the terms of aijxixj where iy =1,2,3.
, . 3 .
Sol. agx'x'=2% X ayx'x’
v i=1j=1 Y
A i1 i 2 i3
=I_§1(a,-1x'x +a;X' X° +apx'x”)

=a11x1x1 +ﬂ21X2X1 +ﬂ31X3X1 +a12x1x2

+022X2X2 +a32x3x2 +c113x1x3 +023X2X3 +033X3X3

142 2.2 3.2 1.2
=aq1(x" )" +az(x7)" +(az3x” )" +(agz +ag Jx " x

+(023 +032)X2X3 +(ﬂ31 +ﬂ13]X3X1
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Q.5. Whatis aFourier series? Also write about periodic, even and odd functions.
Ans. Introduction to Fourier Series
Fourier series are used in the analysis of periodic functions. You must have come across many
ofthe phenomena studied in science which are periodic in nature as the current and voltage in
an alternating current circuit. Various waveforms such as square, saw tooth, triangle etc.
occurring in electronics can be analysed by Fourier series. These periodic functions can be
analysed into their constituent components (Fundamentals and harmenics) by a process
called Fourier analysis, Essentially Fourier series arise from the practical task of representing
a given periodic function f(x)in terms of cosine and sine functions. This is done by adding
more and more trigonometrical functions together. The sum of these special trigonometric
functions is called the Fourier series.
Periodic Functions: A function f(x)is called periodic if there is some positive number T such
that
flx+T)=f(x) forallx
The number T is called period of the function f(x). The graph of such functions can be
obtained by periodic repetition of its graph in any interval of length T. The most familiar
periodic functions are sine and cosine functions. Sin x and cos x has a period of 2x.
If two functions f(x) and g(x) have period T, then the function h(x)=af(x)+bg(x) has also
period T with @ and b constants.
Some of the examples of functions that are not periodic are
tan x, x,x%,x>,e%,cos x, In x etc.
Even and Odd Functions : A function f(x)is known to be an even function if
Flx)=f(x)
The function f(x)is known to be an odd function if
f(=x)=-f(x}
Graphically, even functions have symmetry about the y-axis, whereas odd functions have
symmetry around the origin.

Q.6. Express the relationship between cartesian and spherical polar
coordinates of a function.
Sol. The relation between cartesian coordinates (x, y, z) and spherical polar coordinates

(r,0,¢)are
x=rsin0cos¢

y=rsin0sin¢
Z=rcosb
The inverse transformation is

X+y

|:[x +y*y }
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Q.7. Show that the Kronecker delta 8} is a mixed tensor of rank two. Also show

that it is an invariant. . _
Sol. Let 8'; be Kronecker delta in coordinate system x' and §"; be Kronecker delta in

coordinate system x*'

) _6xi
Now d; = ;
ox
i _ax'i _ax'f ox*
Then 5 i= = .

6x'j axk ax’j
=6x'i .axk ) ox! =6x’i ) ax! 5k
sxk ox! axl axk ol !

It show that Sij is a mixed tensor of rank 2.

_ o PR
Also 8"j=ax.= 1 I=)
ox'] |0 ifi=#jf

i s

8" =6

Hence, it is an invariant.

Q8. If a,-jxixj =0 for all values of variables x1,x2....x" then prove that

ij -!'ﬂ]j,' =0.
gx x7 =0

a
Sol. a

Differentiating partially with respect to xk
i ox’ ox! i
X' =

ﬂin — +a,-j e
axk

0
oxk

ay x'Si +aij8'kx1 =0
akai +a,q-x1 =0

Differentiating again partially with respect to x!

i J
Qi ax_l+akj ax_1=0
ox ox

ayd} +as! =0
A +ag = 0
Replacing free indices I and k by i and j respectively

a,-j +aj,- =0
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Q.9. Show that the transformations of a contravariant vector posses the group
property.

Ans. The transformation of a contravariant tensor possess the group or transitive property
if the resultant transformation of a type is again a transformation of the same type.

Let A’ be the components of a contravariant tensor in coordinate system x'. If B’ be the
components of the same contravariant tensor when coordinates x' are transformed to y'.

Then B =i Al =1
ox/

Now, if C’ be the components of same contravariant tensor when the coordinates ' are

transformed to z'. Then

oz'

Bk -(2)
ayk

g =

From equation (1) and (2)
ct =£ @ A
av* ox!
4 oz'
ax’ _
Equation (3) is law transformation of contravariant tensor when coordinates x' are

transformed to z'.
Hence transformation of contravariant tensor possess group property.

STq ] e LONG ANSWER TYPE [/ Z5i[*]'D)

Q.1. Derive the expression for coordinate transformation for n-dimensional
space.

Ans. Coordinate Transformation for n-Dimensional Space

In a three dimensional space, a point is represented by a set of three numbers (x, y, z), called

the coordinate of that point. Similarly in n-dimensional space a point is represented by a set of

n-variables as

-4 (3)

(x1,%5,X3,....,X, ) OT (xl,xz,xa, ........ ,xM)

Here 1, 2, 3, ..., n denote variables and not the power of variables. This n-dimensional space is
denoted by V,, and the coordinates of the point in n-dimensional space V,, can be described as
above.

2 .3 12 , '3

Let (x1,%2,x3,...,x") and (x'1,x%,x3,...,x™ ) be the coordinates of a point in two

different frames of reference. The set of n-equations define a transformation of coordinates
from one frame of reference to another.

2 =xt (x1,%%,%3,...,x") i=1,2,3,..,n .(1)

Differentiating above equation with respect to x’.
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=M-1)

: ol 3 A .
gt o3 gt I gl (2)

J oxd ox’
It is assumed that each x is single valued, continuous and have continuous derivatives.
Equation (1) defines the transformation of coordinates from one frame of reference to
another.
If the Jacobian of the transformation

ol ox't
a2 o
rl H
det|x || ¢ £0 (3)
ox’ i
ox'™ ax'" ox'™
axl ox? ox"
Then transformation equations (1) can be solved for x' in terms of x"'
X =xf @l X" w(4)

Equations (1) and (4) enable us to pass from one coordinate system to another and vice-versa.

Q.2. Differentiate between contravariant and covariant tensors on the basis of
transformation laws obeyed by them and hence show that the velocity of
the fluid at any point is contravariant tensor of rank-1 and also explain
rank-2.

Ans. Contravariant Vector

Let a physical entity is characterised by n-functions A’ when expressed in the x’ coordinate

system with xl,xz,x3,...x". If the quantity Al are transformed to any other coordinate
1
r

system x ,x’2 ,x'3 s ) according to rule
. o
A =2"a A° (1)
X

then the functions A’ are called components of a contravariant vector.
The above relation can be easily inverted to expression A’ in terms of A’* . Multiplying both

k
side of equation by ox -
axl!
axk A _6xk .ax". AC
ox'! ox' ax®
k.
% Al =gk 4% - gk (2)
X
Replacing k by i and i by a
. i
Al — ax ArU- (3)
axra

The contravariant vector is also called contravariant tensor of rank 1.
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Covariant Vector
A set of n-quantities A; which are the functions ofn coordinates x' (x1 , X% ....x")are said to be

the component of a covariant vector if they transform according to the rule under a charge of
coordinates from x' to x" .

2

,  ox®
a =" a4, (4)
ox’'
The inverse transformation can be written as :
i
a4 ="_n, (5)
ox

The contravariant vector is called a covariant tensor of rank-1.

Tensor of Rank-2

Let AY (i, j=1,2,3,...n)be n? functions of coordinates x!

,x%,...,x™ and if they transform to

A" in another coordinate system x1,x?..x" according to transformation
Arij = axi . ax'] Aaﬁ
ox*  oxP

then A7 are called component of a contravariant tensor of rank two.
Similarly if the transformation of A; (7, j=1,2.....n) takes place from set of coordinates

(x1,%? ....x") to another coordinate system x' ,x'Z ,....x’™ by rule
o B
A’ij =ax_i. ox - Aaﬂ
ox' ox'J

Then A,-j are said to be covariant tensor of rank two.

(Q.3. State and explain Fourier Theorem.
Ans, Fourier Theorem
This theorem was developed by the French mathematician ].B. Fourier around 1800.
According to this theorem. “Any finite single valued periodic function, which is either
continuous or possess finite number of discontinuities, can be expressed as a sum of a number
of sinusoidal or simple harmonic vibrations, whose frequencies are integral multiples of that
of given functions”.
A finite single valued periodic function can be expanded mathematically as
f(t)=ag +aq coset +a; cos2et +... +a, cosnot
+b4 sinwt +b; sin 2wt +... +b, sin not

o o0

=ag + Z a,cosnot + Z b, sinnot w(1)
n=1 n=1

The right hand side of the expression represents a series, called Fourier series of f{t]. The

coefficients ag,a,,b, are called Fourier coefficient. The processes determining these
coefficients is called Fourier analysis.

Evaluation of Fourier Coefficients
Integrating both side of equation (1) over time period T
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i T T T
_[0 f(t)dt =qq .[0 dt +c11‘|'0 cosotdt +... +a, _[0 cosnowt dt

+blf;'sinmtdt +b2_[:sin2mtdt+...+an:sinnmtdt
=(10T
1T

a0 = J’o f(t)de 2 [2)

To evaluate a,,, multiply both sides of equation (1) by cosnwot and integrate both sides
between the limitt =0tot =T

T T T
.[0 f(t)cosnwt dt =ay .[0 cosnwt dt +alfo coswt cosnwt dt +...
T 2 1A
+a,,j0 cos“not dt +b1.[0 sin wt coshwt dt +...

T
+by, I sin nwt cosnot dt
0

=0+0+...+a, T +0+...0=a, T
2 2

a, =i o f(t)cosnat dt -(3)

Thus by puttingn=1, 2, 3,..., the values of coefficienta, ,a; ... a, may be obtained.
Similarly, to evaluate b,,, multiply both sides of equation (1) by sin ot and integrate both sides
between the limitst =0tot =T.

T T T
Io f(t)sin not dt =ay Io sin not dt +¢11'[0 cosat sinnat dt +...

T T
+a,,_f0 cosnwt sin nwt dt +b1j0 sin ot sinnet dt +...

T
+b, _[0 sin?net dt

=0+0+... +0+0+...+bn(§J

b, =% | F(e)sin oot de (4)

Thus by putting n =1, 2, 3,..., the values of coefficient by , b, ,... b, may be obtained.
Conditions for Applicability of Fourier Theorem : A given function is capable of Fourier
analysis if it satisfies the following restrictions :
(i) The function should be periodic.
(ii) The function should be single valued.
(iii) The function should always be finite.
(iv) The function should not have an infinite number of discontinuties.
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Q.4. A covariant tensor has components xy,2 y—zz,xz in rectangular

coordinates. Determine its components in spherical coordinates.

Sol. x=rsin0 cos¢
y=rsin0sing¢
z =r cos0
Let x=x1,y=x2,z=x3
r=x1,0=x? $ =x"3
Also Ay =xy, Ay =2y—z%, Ay =xz
Ay, Ay, A3 =T
A = o’ Ajfori=1,2,3
ox'
1 2 3
A’l = ax Al + ax Az + ax A3
ox't ox't ax't

ox ov 2, 0Oz
= xv+ - (2y—-z°)}+ " xz
or v ox @ ) or

=(sin 0 cos ) (r2 sin? 8 sin ¢ cosd)+(sin 6 sin ¢)
=(2r sin0sin ¢ —r? cos? 0)+cosH (r2 sin 0 cos6 cos¢)

1 2 3
Ay = ox A+ ox Ay + ox A
ax'? ox'? ax'?
oy

= xy+ - 2y-z°)+ _ _xz
69:9' (2y- )ae

=(r cos0 cos¢) (r sin? @ sin ¢ cosd)+(rcosOsind)
(2rsinsind —r? cos? 8)+(-rsin@) [i"2 sin 0 cos€ cosd)

1 2 3
Ag= ox A+ ox Ay + ox A
ox'3 ax'3 ax'3
X g+ Y 2y-22)+E
60 = 0o Gl

=(—rsin0sin ¢) (r2 sin’ @ sin¢ cos¢)+(rsin® cos¢)

(2r sin B sin ¢ —r? cos? 0)

Q.5. Discuss the applications of Fourier theorem in detail.
Ans. Applications of Fourier Theorem
The applications of Fourier Theorem can be defined as follows :
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1. Square Wave
The figure 1 shows a square waveform representation curve. The displacement of the function

is constant and positive from £ =0 to r‘; and also constant and negative from £ :Z tot=T.

f(®

Fig. 1
One period of the square wave can be expressed as
v=f(t)=a fromt =0tot=§(0$t S;)
«f1)

T

=—a fromt=ztot=T —<t=<T
2 2

From Fourier theorem, a complex periodic function may be expressed as a Fourier series.
o0

ft)=ay + Z a,1 cosnmt +n§1b sin not

with ag =_j ft)dt

T/Z
f(t)de + L p F(t)de
=?J‘0 adt +L_/2f(—a)dt
=£[Z +[I _TH ~0 (2)
T|2 2
a, =31.[: f(t)cosnot dt
272 T
_?Io a cosnet dt +L_/2 a cosnot dt
=2_a |:sin nmt]”z _[sin nmt]T
T no |q nw rp

2a T T
=" Jsin n.coE —0—-sinneT +sinne — 5

ncoT
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2a . . .
=—{sinnn —sin 2nn +sin 7n} =0 -(3)
2nn

2 (T .
b, == jo f(t)sin not dt

22 T ;
_?.[0 t:lSlnno:atc:It+.[r/2 a sin not dt

=2£ _| cosnot e 5 cosnot 4
T ne |g no |ypn

2a T T
=— _<—cosno—+cosO+cosneT —cosno—
noT 2 2
2a
=—"" {—cosnn+1+cos2nn —cosmn}
27n
. {1 —cosnn}
mn
2a n
=—{1-(-1)"} w(4)
n

=0 for even values ofn(n=2,4,6,...

=29 for odd values of n (n=1,3,5,...)

nn
r'.e., b1 =4—a,b3 =4—a=4—a...
4 3t 3rm
fie)=2 |:sin ot +;sin 30t +; sin St +} -(5)
T

Thus a square wave is formed by the superposition of large number of simple harmonic
vibrations, whose frequencies are odd integral multiple of the fundamental frequency. The
amplitude of these harmonics are inversely proportional to their order.

2. Saw Tooth Waves

It is a triangular wave and because of its shape called saw-tooth wave. Its representation is
shown in the figure 2.

£()
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It can be expressed as :
y=aatt=0
y=0ati=T
From the property of similar triangle

y_r-t_,_t
a T T

-
y=a (1 TJ ¥(6)

[ o] o0
From Fourier series  y=ag + 2 a,, cosnot + 2 b, sin not

Now, _[0 dt_—j'o [1— J

9 T
=1 a tr_t_ =l.a_ g
T 2T . T 2 2

a, =2 JT f(t)cosnat dt

= _[0 [1 - —J cos hot dt

T
=—a'|' c:osnmtdi:—z—ajl0 t cosnat dt
T h 2

. T .
_2a |:smnmt} 2a[ smnmt] _ (T sinnot dt
0 0

T nao T2 nao 0 no

_2a |sinnot 2aT sinneT 2a |cosnoT cos0
T no T2 nw TZ 2 2 Zmz

=0-0-1+1=0
1. .
_?Io ysin not dt

T
=3_[ a 1—£ sin not dt
T T
=2—“J‘:sinnmtdt —E!Ttsinmt dt

-3 [cosnot T} A i
noT T2

T
cos nmt:| _ IT _ cosnwt di
0

n®o 0 n®
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=2 [—cos2nn +cot 0] -

& 3 [-T cosnwT +0]

hn noT
————[sinnoT —sin 0]
n2aT?
—[ 1+1]——[1 0]+——[0-0]
4ﬂ2n
=8
7N

Substituting the values of Fourier coefficients
y=g +9 | sin ot +lsin 2ot +lsin 3wt +...
2 = 2 3

Thus, it be seen that all the even and odd harmonics of sine series are present with their
amplitudes decreasing with the order of the harmonics.

Q.6. Prove that:
(0 Sye4m=0
(ii) Eiks Smps =8im6'¢ _Skp —aiPSkm =0

Sol. (i) 81 itm =0 € itm
Ifi =1 =8 £jim =1x0=0
Ifi =1 =8 &4im =0

(ii) €1, is non-zero only if i, k, s are all different.
€ mps is non-zero only if m, p, s are all different.
Therefore eitheri=mandk=pori=pand k=m
Ifi=mandk=p
EiksEmps ~Emps€mps =1

Ifi=pandk=m

Eiks =Esik = Esli = Esmp

EjlsEmps =1
Now ifi,m,k, pare kept gxed and s is given value 1, 2, 3 then only one term in the SUmMe € pype
is non-zero and hence the sum is either +1 or —1.
It can be seen from 8;,,8 gy —8;pd ey =+1fori=mk=p,i#k
=-1fori=p,k=m,izk

Therefore,
=m,k=p,i#k

€ =08;mO1p —Oin® m =0 except
Eiks€mps =OimOkp —CipOkm = P{ —pk=m,i %k
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UNIT-V

Dynamics of a System of Particles
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Q.1. Write about Johannes Kepler.

Ans, Johannes Kepler (1571-1630 AD), a German astronomer and mathematician, who was
assistant of Tycho Brahe, made calculations from those measurements and described the
orbit of planets around the Sun. He published three laws of planetary motion. We shall study
these laws in a later chapter. Kepler's laws modified the heliocentric theory of Copernicus,
replacing circular orbits of planets by elliptical orbits.

Q.2. What do you mean by coriolis force?

Ans. Coriolis Force : The invisible force that appears to deflect the wind is coriolis force.
The coriolis force applies to movement on rotating objects. It is determined by the mass of the
object and the objects rate of rotation. The coriolis force is perpendicular to the objects axis.
The Earth spins on its from west to east.

Q.3. What do you understand by centripetal acceleration?

Ans. Centripetal acceleration : The acceleration of a body traversing a circular path.
Because velocity is a vector quantity thatis, it has both a magnitude, the speed and a direction.
When a body travels on a circular path, it direction constantly change and thus its velocity
changes producing an acceleration.

2
Centripetal acceleration (a,) = 2
r

where, a . = centripetal acceleration, v = velocity, r =radius.

Q.4. Write about the Tycho Brahe Work.

Ans. Tycho Brahe Work : Tycho Brahe (1546-1601 AD) was a Danish astronomer. His
work on astronomy consisted of measuring the positions of the stars, planets, Moon and the
Sun. Every possible night and day he recorded these measurements year after year.

(Q.5. What do you mean by conservation of linear momentum?

Ans. Conservation of Linear Momentum : This law of physics according to which the
quantity called momentum that characterizes motion never changes is an isolated collection
of objects, that is the total momentum of a system remains constant.

-
The linear momentum of a particle of mass m moving with a velocity v is given by

- >
p=mv



Dynamics of a System of Particles 93

_)
It is a vector quantity and is directed along v. Its MKS unit is kg-m/s and dimensions are
[MLT_:l ] Its value depends upon the reference frame of the observer.

Q.6. What is Euler’s principle?
Ans. Euler's first law states that the rate of change of linear momentum p of a rigid body is
equal to the resultant of all the external forces F,,; acting on the body.

The linear momentum of a rigid body is the product of the mass of the body and the velocity of
its centre of mass v ,.

EAIEIEY SHORT ANSWER TYPELTE D)

Q.1. Write short note on Galileo discoveries.
Ans. Galileo’s Discoveries

Galileo Galilei (1564-1642 AD) was an Italian astronomer, philosopher, mathematician and
physicist. His main discoveries may be summarized as :

1. Support of Heliocentric Theory of Copernicus : Galileo constructed a telescope and
made pioneering observations of Universe. His observations supported the
Copernicus theory (Sun centered Solar System). This brought him into serious conflict
with the Church which forced him to make a public denial of his opinion and put him
under restriction for later life.

2. Galileo’s Laws of Motion : From his experiments on motion of bodies on inclined
planes or freely falling bodies, he contradicted Aristotelian notion (that a force was
required to keep a body in motion and speed in a medium depends upon weight).
Galileo developed the concept of motion in terms of velocity (speed and direction). He
developed the idea of force, as the cause of motion. He proposed that :

(i) Natural state of an object is the rest or of uniform motion ie,, objects always have
velocity, sometimes magnitude of velocity is zero (= Rest).

(ii) Objects resist change in motion. This property is called inertia. Hence a force is
required to produce a change in motion.
Galileo’s law of motion was adopted as the first law of motion by Newton. Newton brought all
the threads of history of mechanics together and concluded that the laws which govern
heavens are the same laws that govern motion on the earth.

Q.2. What is theory of impetus? Explain in brief.
Ans. Theory of Impetus

This theory was put forward initially to reject Aristotle’s explanation of projectile motion. The
theory was introduced by John Philoponus in 6th century, elaborated by many physicists,
finally established by Jean Buridan in 14th century.
Explanation of Projectile Motion : Projectile motion is a vibrant motion. Thus a force is
reguired to keep the projectile moving. The question is: what makes it moving after it leaves
the thrower? According to the theory of impetus :

1. The medium resists the motion. It does not aid (as suggested by Aristotle), and

2. After leaving the thrower, the projectile continues to move by an impetus.
“Impetus is a motive force implanted into moving body (projectile) by the mover (thrower).”
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According to Buridan, impetus is a variable quantity whose force is determined by the speed
and quantity of matter in moving body. Mathematically,
Impetus = Weight X Speed

Just before leaving "
the thrower m Projectile |,

Just after leaving Projectile  [Tmpetus I—-\

the thrower \1

Fig. 1
As projectile moves, the resistance of medium applies force in a direction opposite to the
motion; hence the impetus goes on diminishing, When it is almost destroyed, then gravitas of
projectile prevails and moves the body to its natural place. According to this theory, impetus
might also be the cause of eternal circular motions of celestial bodies.

Q.3. What are the limitations of Newton’s laws?
Ans. Limitations of Newton’s Laws

Newton's firstlaw defines the force as the agent that produces change in motion and says that,

— —
if F =0then we have ¢ =0. This can happen only in inertial frames. Thus first law is valid only
in inertial frames which is an obvious limitation.

— - - -
The second law when mass m is constant, say that F =m a. Thus F =0then a would also be
zero. However in cases where the mass of the system does not remain constant, the second

(and hence the first) law in the form :"} =m:1) is not valid. Instead for variable mass systems
i -

such as falling raindrop or in the case of rocket we have to use the form F =‘2—f.

The third law requires the simultaneous measurement of the action and reaction forces,

which is impossible. However, if the bodies interact for a sufficiently large time as compared

to the time taken by the light signal to reach from one body to the other, then for all practical

purposes, simultaneous measurement of the two forces is possible. For particles of atomic

dimensions, Newton's third law does not hold good.

Another limitation of Newton's third law of motion is that it is not strictly correct when

interaction between two bodies separated by a large distance is considered.

Q.4. What is Ferel’'s law? Explain.

Ans. Coriolis effect on a Projectile

Suppose the projectile is projected with a sufficiently large horizontal velocity, then coriolis
force will act on the body for a sufficient period of time. This will make the position vector of
the projectile to turn at a constant rate of —@sin ¢. [n the northern hemisphere, 4 is positive.
Hence the rotation as viewed from above is clockwise. Thus the projectile gets deflected
towards the right (or east) in the northern hemisphere. But in the southern hemisphere, A is
negative and the rotation is counter-clockwise. Thus projectile gets deflected to the left or
westwards. This is known as Ferel’s law.
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Q.5. The distance between the centres of the carbon and oxygen atoms in the
CO molecule is 1.130x10~1% m. Locate the centre of mass of the molecule

relative to the carbon atom.

Sol. The centre of mass of the CO molecule will lie on the line joining the C and O atoms. Let
it be a distance x away from the C atom. Since atomic weights of C and O are respectively 12

and 16, therefore | y N
me-x=Mp-(r —x) - c™ .
or 12x =16 (r —x) C - 0
| x o
or 28x =16r =16x1130x1072° | ) A x—
ig.
-10
x=16x1.130x10 m=6457x10"11 m

28
Thus the CM of the CO molecule lies at a distance of 6457 x10 711 m/s from C atom.

Q.6. A bullet of mass 20 g is fired with a speed of 1000 m/s from a freely
hanging gun of mass 2.0 kg. Calculate the recoil velocity of gun.

Sol. Initial momentum of the system (gun + bullet) = 0

Final momentum of the system =myvq +movq

where my ,m, are the masses of gun and the bullet respectively and v, and v, their final

velocities.

According to the principle of conservation of linear momentum
final momentum = initial momentum

ie., muvq +Mpvs; =0
or 20xv, +{20x107)x1000 =0
-20
or v =—— mfs=-10m/s
155, / /

The gun will therefore move with a velocity 10 m/s in a direction opposite to that of the bullet.

Q.7. Write short note on non-conservative force and conservation of total

energy.
Ans. Non-conservative Force and Conservation of Total Energy
When non-conservative forces act on a system then mechanical energy does not remain
conserved. This is because of the fact that work done by a non-conservative force in displacing
a particle from a point to another point depends upon the actual path taken. Frictional and
viscous forces are examples of non-conservative forces. Thus the work done in displacing the
particle from A to Bis not equal and opposite to that from Bto A. As a result the total work done
in the round trip is not zero. There is a loss of kinetic energy in moving from A to B and also
from B to A. This loss of kinetic energy is equal to the work done during the round trip.
A part of kinetic energy is converted into some other forms of energy like sound, or heat or
light energy etc. However, the sum total of all types of energies is always conserved. This is
known as the general law of conservation of energy or conservation of total energy.
If both conservative and non-conservative forces are acting on a particle, then

W[C] + VV(N] =AK
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or —-AU + Wy =AK v Wiy =—-AU
or VV(N] =AK +AU=AE
where Wi and Wy, are respectively the work done by conservative and non-conservative
forces and AK is the loss in kinetic energy of the particle. Thus the change in total energy is
equal to the work done by non-conservative force. Particularly for a frictional force,

Wy =-0Q
where ( is the heat developed. Then

AE=-Q or AE+@=0

This means that the change in total energy of the particle is zero i.e., total energy remains
conserved.

ST Ee LONG ANSWER TYPE 11711

(Q.1. Write contributions in the development of mechanics from Aristotelian
Physics.

Ans. Aristotelian Physics

Aristotle (384 BC-322 BC), a Greek philosopher and astronomer, proposed the abstract

principles that govern the nature.

1. On Universe

For Aristotle, the earth is at the centre of the universe and is stationary. In other words,

Universe is Geocentric.

Aristotle divided the Universe in two spherical regions known as Terrestrial sphere &

Celestial sphere (fig. 1).

(i) Terrestrial Sphere : Terrestrial sphere is also known as sublunary region and

consists of sphere of earth at the centre, surrounded by concentric shell of water, shell
of air and finally the shell of fire [fig. 1(a)]. Terrestrial sphere is :

Celestial Sphere

Movers Sphere

tars — /
i Saturn
i Jupiter Vil A
Al Mars
Water o
Ko Venus — L L L4
Mercury [ {777
Moon LI
Terrestrial Sphere LR
(2) Terrestrial Sphere
(b) Celestial Sphere

Fig. 1
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=0 Inhabited by humans
=0 Corruptible
=0 Composed of four elements : earth, water, air and fire.
(ii) Celestial Sphere : Celestial sphere, also called superlunary region :
=0 Consists of heavenly bodies (Sun, Moon, Planets & Stars)
=0 Incorruptible
=0 Heavens are composed of special element called ether or quintessence (fifth element of
Universe) which is pure, divine and incorruptible.
In celestial sphere the Sun, Moon, Planets- Mercury, Venus, Mars, Jupiter and Saturn (only 5
planets were known at that time) and stars exist in their respective shells [fig. 1(b)] which
rotate at the fixed rate. In the outermost shell, there exists a prime mover of various shells
which by spinning the star shell, imparts motion to other celestial shells.

2. On Motion of Bodies
Terrestrial Motion : Terrestrial bodies possess two types of motion natural motion and
vibrant motion.
(i) Natural Motion : All terrestrial bodies move to their natural place (by themselves).
Such a motion is called the natural motion.
In this motion, all bodies rise or fall towards their natural place in straight line path (straight
up or straight down).
“Heavy objects fall down, very light objects rise up”.

Elements Natural Place

Earth Centre of Earth

Water Water shell around earth

Air Air shell around water shell

Fire Fire shell around air shell
Examples of Natural Motion : A stone falls down towards centre of the earth because stone is
similar to the earth. Dense Less
»> Air bubble in a liquid rises up. Fluid ﬁi?ﬁe
»¢ Smoke rises up because smoke is similar to air.
s QObjects fall (or rise) with speed (v) proportional to their weights

(W) and inversely proportional to the density of fluid they are
immersed in ie,

voclV

Fig. 2
T ot
e

These are the Aristotelian laws of motion. Aristotle believed that vacuum cannot exist because

if it exists, speed of object in vacuum will be infinite, which is not possible.

(ii) Vibrant or Unnatural Motion : Forced motion of an object away from its natural place is

called vibrant/unnatural motion. Vibrant motion :

=0 Imposed motion by applying external push or pull

=0 Influenced by two factors : Motive force Fand resistance R of the medium. Thus speed of
object in vibrant motion
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F
voc—[(F>R
R( )

If F € R, no vibrant motion takes place.
Examples of Vibrant Motion :
(i) Motion of an arrow shot from a bow.

(ii) Motion of stone thrown at some angle etc.
How does an arrow shot from a bow continue to fly in air after it has left bow and string?
Aristotle explained that arrow creating vacuum behind it into which air rushes and applies
force to the back of arrow.
We can summarize Aristotle’s views on motion as :

(i) For terresirial bodies :

Natural state is the state of rest.

Force is required to keep the body moving. In natural motion, mover is gravitas
(weight) i.e, internal whereas in vibrant motion, mover is external.

(ii) For Celestial bodies : Natural state is the eternal circular motion (which is
unchangeable).

Q.2. Define centre of mass of a system.
Ans. Centre of Mass

For a many particle system, the translatory motion can be
described in terms of the motion of representative point
known as the centre of mass of the system.

The centre of mass of a system (or body) is defined as the
representative point whose motion describes the actual
motion of the system if all the forces act directly upon it and
the entire mass of the system is concentrated at this point.
The concept of centre of mass is very useful when the body
undergoes rotational or vibrational motion along with
translational motion. Further it is very important in the
analysis of collisions.

We consider a system of n particles of massesmy ,m;,...,m,
whose position vectors relative to an arbitrary origin O are

- - -
ry,rz,...,, respectively (fig). The position vector of the centre of mass C of this system is

defined as

- - -
ﬁ mrtmyrp+..tmyn,
mq +m2 +.un +m,,
n - n =
z m; r; x n; r;
2 i=1 i=1
or R= = wfd]
n M
p m,-
i=1

where M =my +m; +... +my, is the total mass of the system.
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R —
Here 'Elm,- r; is called the first moment of mass for the system.
i=

The centre of mass of homogeneous bodies of regular shapes lies at the point (or the line) of
symmetry. For a sphere, the centre of mass lies at the centre of the sphere. For a cone, the

- -
centre of mass lies on the axis of symmetry. In such cases J' r dm=0orR =0 i.e., the centre of

mass coincides with the geometric centre. The centre of mass does not necessarily lie within
the body. It may also lie outside the body as in the case of a ring.
Particular Cases :
1. Ifthe particles of the system all lie in a plane than the coordinates of the centre of mass
(X,Y)are

X =1‘14_[x dm; Y =1114 Iydm

2. If all particles (n) lie on a straight line along x-axis, then the centre of mass also lie on
that line having x-coordinate as

mqxq{ +MyXy +...+m,x 1
e 141 242 nin =_2,:mix!'
1

my +my +...+my,
It is important to note that the centre of mass of the system depends upon the masses of the
particles and their relative positions.
Q.3. Describe Newton’s laws of motion and show that the first law is contained

in the second law.

Ans. Newton'’s Laws of Motion
Sir Issac Newton gave three laws which govern motion of various chjects. These are :
First Law (Law of Inertia)
“A body continues to remain in its state of rest or of uniform motion along a straight line so
long as no external force acts on it”.
The mass of the body in translational motion, is called its inertia. Thus different bodies

possess different inertia. The property of any body to oppose the changes in its state of rest or
of uniform motion is termed as inertia. Mathematically, first law may be stated as

- -
a =0ifand only if F =0
- -
where g is the acceleration produced in the body and F is the resultant external force acting
on it.

Second Law (Law of Force)
The time rate of change of linear momentum is proportional to the impressed (i.e., external or
applied) force and takes place in the direction of force i.e.

s P
F _dp
dt

- — -
where p =m v, is the linear momentum of the body and F is the force applied on the body. If
the mass m remains constant throughout the motion, then



100 Exagmig Mathematical Physics and Newtonian Mechanics B.Sc.-l (S

M-1)
= d - -
F=—[muv)=m—=ma

dt

— - —
where a = dd: is the acceleration produced in the body. Here a and F should be measured at

the same instant of time.

Third Law (Law of Action and Reaction)

To every action, there is always an equal and opposite reaction.

This law involves the interaction between two bodies. The force of action and reaction are
internal forces and act upon two different bodies. Thus if F;, denote the force onbody 1, due
to body 2 and F;4 that on body 2, due to body 1, then

Fi =—Fp
duq dy
Now, Fio=my — L and Fy =m, %
12 1 i 21 =My P
d‘Ul - dvz
gt dt
or m101 =mzaz
where aq = avg, and 9 = vy
dt dat
Thus my; =my it §
ap

Hence, Newton'’s third law defines mass uniquely.

Newton’s First Law as s Special Case of Second Law
Newton’s first law defines the force as an agent to cause a change in motion and says that

- -
if F =0, then a =0
The second law says that the force is equal to the time rate of change of momentumi.e.,
_)
- -
F =d7p = i m v]
dt dt

- - -
where p =m v, is the momentum of the particle of mass m moving with a velocity v. If the
mass of the particle is constant, then
_)
- -
F=m :1] =ma
dt

- -
Thus if F =0,then again a =0, which is firstlaw. Therefore, the firstlaw is just a special case of

_)
the second law when F =0. Hence first law is contained in second law. The second law is,

therefore, the real law of motion. Thus second law is the most general of all the three Newton's
laws of motion.
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Q.4. Discuss the effect of coriolis force on a freely falling object.
Ans. Effect of Coriolis Force

Coriolis force, a type of fictitious force that acts on bodies in  y (North)
motion relative to rotating frame of reference of earth, 1
produces certain interesting effects like cyclones (e.g.,
hurricanes), trade winds and ccean currents etc.
We consider here two different cases : T 4
(i) Coriolis effect on freely falling object. 1‘(
(ii) Coriolis effect on a projectile.
But here only describe the coriolis effect on freely following O -
object :

Coriolis Effect on Freely Falling Object

The direction of coriolis force is not truly vertical. So we resolve it into horizontal and vertical
components. The vertical component will affect the value of g whereas the horizontal
component will produce horizontal deflection eastwards or westwards depending upon
whether the object is in the northern or southern hemisphere respectively, as will be verified
below. Considering axes and direction pattern according to given figure. If the falling object

z (vertically upward)

» x (East)

Fig. 1

_’
acquires a velocity V' at time ¢ when it has fallen a vertical height of h, then

- 3 -
Vi=-vk (1) |V]|=v
If A be the latitude of that place, then in the northern hemisphere

— A A
® =(wcosi) j+(wsinA)k w(2)
- - = A A A

Coriolis acceleration, a,=-20xV'=-2(wcosh j+wsinAk)x{-vk}

=2 @V COsSA i v jxk=iand kxk=0
Thus coriolis acceleration on the falling object is along the east direction. Using Newton's
second law,

2 A
d—;{=2cm)cosl=2m(gt)coski v u=u+gt=0+gt
dt

On integration, we get the x-component of velocity of the particle as

dx
v, = —I(ngt cosA)dt +C,

where C is the constant of integration. Thus
Vy =co.gt2 cosh +C

Butatt=0,V, =0 = (=0.Hence

dx 2
V, =— =wgt* cosh
x= 4 g

Integrating again, we get the displacement of the falling object along x-axis i.e.,



102 Examf Mathematical Physics and Newtonian Mechanics B.Sc.-l (SEM-I)
_ 2
x —I[cog cosA)t°dt +D
X =(;mg cosl} £

again ati =0,x=0 = D=0
Hence, X =[% g COS ?\.) t3 (3]

To determine t, we have

1 2 1 2
h=ut+ > gt°=0+"gt
Zg 29

or b= 2 .(4)
g
3/2
Thus x =[1 wg cos?\.J [2’]]
3 g
e (B] n3Pocosh .(5)
9%

Thus a freely falling object will be deflected towards right (or in the east direction) in the
northern hemisphere by an amount given by eqn. (5). This deflection depends upon the value
of latitude A.

At the equator : A=0sox= 9£h3/2m
g

which is the maximum deflection.

At the poles : L. =90° so cosi =0. Hence, x =0. At the poles, there will be no deflection. The
object falls at exactly a place vertically below the place from where it was dropped.

Now when the object falls vertically in the solution hemisphere, then

- A A
®=-@cosA j+wsinA k

- - - A A A
a, =—20xV' =-2[-wcosk j+osinik]x(—vk)

=—2®V CoSAi
Thus coriolis acceleration is along negative direction of x-axis (I.e.,along west). Hence coriolis
effect will deflect the freely falling object towards the left (or west) in the southern
hemisphere.

Q.5. Discuss about a frame of reference rotating with respect to an inertial
frame and explain various pseudo forces.
Ans. Rotating Frame of Reference

Let S be an inertial frame of reference with coordinate axes designated as X,Y and Z with its
origin at O (Fig. 1). Consider another frame 5’ having coordinate axes X', Y' and Z' and origin
coinciding with that of frame S. Let this frame §' is rotating counter clockwise relative to frame
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S with an angular velocity ®(not necessarily constant) and 7t
the axis of rotation pass through the common origin 0 of
the two frames of reference. A common example of a
rotating reference frame is the surface of earth. The point P
represents the position of any moving point object at time

_)
t. Its position vector r at any time ¢ will be the same

_)
relative to frames S and 5. But the components of r will be
different along the three axes in these frames.

A A A

Let i, j,k be the unit vectors along axes X',Y',Z' in the
rotating frame of reference. Let these vectors rotate with

_)
an angular speed w(t) about an axis w(t), then for any

general unit vector u in the rotating frame, it can be shown
that

du =, »
——=w(t)xu w1
i (€) (1)

The time derivative for a vector

F(£)=1Fy(t)+ J F, (£)+kF, (£)

—3 A A A
A i dF A i A
becomes il 8 d&i.;d_'p'x 4 _yj+d_ij + dF"k+dsz
dt dt dt dt dt dt dt

A A A
because unit vectors i, j and k are not constant vectors. Thus

- 7

dF(t) (dF,» dFys dF, ~») - AR 5
= i+ -+ k|+[o(t)+(iF, +jF, +kF

B i e [o(t)+( Fy +jF), +kF;)]

\

on using eqn. (1)
/

dF@)_|dF + o)+ F(t) (2)
dt dt

\
—3

_)
where if represents the time rate of change of F as observed in the rotating frame.

r
The equation (2) may be written as an operator equation

d2 |(d - -
o~ F _|:(dtl. + m(t)] x F s3]
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and can be applied to any time dependent vector function F') like position vector, velocity etc.
Equation (3)is also called transport theorem. The LHS of this equation gives time derivative of
any vector function in the inertial frame (§) and RHS gives time derivative of same vector
function in the rotating frame and consists of sum of two terms. The first term is due to the
explicit time dependence of this function and the second term arises due to the rotation of the
frame.

-
Let this operator equation (3) be applied to the position vector r of the particle in the frames §

- -
and S'i.e., F =r, then

a’_) d_) - —
r r
—| =|—| +o(t)xr (4
i p ) (4)
S St
- =3 —
or V=V+oft)xr i)
— o —
where V= dr and V' = dr respectively.
dt dt
S S’

Now apply the same operator equation (3) for the velocity i') of the particle i.e.,?")(t] =Tf)(t],
then
- (5 i 5
2V = i +o(t)xV
dt dt

s \ s

_d - - - - > - -
= E(V'+co(1':]><r]:|+co(i:)><(V'+o)(1':]xr]

on using equation (5)

- —>
dvV' deo - = ar - 2> - —> -
= +—xr +olt)x| — +o(f)xV'+o(t)x{(o(t)x r
R (t) i (t) (t)x(oft)xr)
S!
- =2 da - - =2 2 - =
or a=a'+Ixr+2me'+mx(mxr] «.(6)

represent the acceleration of the particle in frame § and §'

- -
Here a =d—V and a’' =
dt

_>
respectively. Remember o is a time dependent parameter through we have omitted explicit
time dependence notation. Thus the acceleration of the particle in the rotating frame is

- =2 = 2> 2> 3> 2 dw
a’=a—2me’—mx(mxr]—ﬁxr -(7)
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- -
which consists of three additional terms. The second term of RHSi.e.,—2 @ x V' is called the

e
Coriolis acceleration and the third term ie., —@x(wx r) is called the centrifugal

—3
acceleration. The last term i.e., —‘i; x r which is non-zero only when the frame §' is in
non-uniform rotation, called the Euler acceleration. All these accelerations are called

_)
fictitious accelerations and must be added to the true acceleraticn ( @ ) of the particle in frame

S, to give the observed acceleration (a') of the particle in frame 5.
_)

For a uniformly rotating frame, ddt =0. Hence Euler acceleration will become zero in such a
frame of reference.

- -3 —> -
Ifmbe the mass of the particle P,then F =m a =force onthe particlein frame S,and F' =ma’' =
force on the particle in frame §'.
Therefore, from eqn. (7)

_)

- - - do —
ma’=ma—2mn:oxV' ma)x[coxr) m—d Xr
t

> 2> o
or F'=F +F ..(8)
_)
= - > - dao —
where Fy=-2maoxV' - mo)x[o)xr] mgxr

_)
is called the fictitious force which appears to be acting on the particle in frame $’. This force Fy

_)
is a consequence of the rotation of the frame 5’ itself and must be added to the true force F

9
acting on the particle to get the observed (or measured) force ' on the particle in frame §'.Ina
non-rotating reference frame total fictitious force will be zero. Here

- = o
—2m o x V' =coriolis force
S I .
-m @ % (® x r ) =centrifugal force, and
do -
-m d—m x r =Euler force
t

_)
Thus total fictitious force F is the sum of coriolis force, centrifugal force and the Euler force. It

must be noted that :
(i) Coriolis force acts on a particle which is moving in a frame of reference that is itself
rotating about an inertial frame of reference. This force will be zero when (a) either the

— -
particle is at rest in the rotating frame of reference, or (b) V’ is parallel to . It is
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(i)

(iii)

Ans.
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- -
proportional to both @ and V' and is

- >
always directed perpendicularto V'. If o
is in the counter clock-wise direction,
then direction of coriolis force will be

obtained by a 90° rotation relative to 7’
in the clock-wise direction as shown in
figure 2. Thus for counter-clockwise
rotation of frame, coriolis force acts
towards the right of the motion of the
particle whereas for clockwise rotation,
it acts towards the left of the particle
motion.

5>

Rotational Centre

Fig. 2

. mrie
centrifugal force

2maoV’
Coriolis force

Centrifugal force acts on a particle which is at rest relative to a rotating frame of
reference and is numerically equal to the centripetal force but in the opposite
direction. Its magnitude is mr,,zm, where r,, is the perpendicular distance between the

particle and the axis of rotation. Being position dependent, it is a conservative force. It
is the only fictitious force acting on a particle at rest relative to a uniformly rotating

reference frame.

In the special case of uniformly rotating frame of reference, Euler force will be zero and
then only coriolis force and centrifugal forces will constitute the total fictitious force.

Q.6. What is the effect of centrifugal force on acceleration due to gravity. Show

that

gh=g- @%Rcos? A

Effect of Centrifugal Force

We consider a particle P at rest in the
rotating reference frame of the earth.
Only fictitious force acting on the
particle will be the centrifugal force as
shown in the figure. Here true direction
of acceleration of the particle g is along
PO and the observed or apparent
direction of acceleration g, is along PN,
such that

- e e =
gy =g —ox(axR,;)

=—g(cosii+sinA j)

gd @l

and R, =RcosA ?

Y

ol
b i

@

Vertical

5,

mo’R,

Fig.
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A A -
where i and j are unit vectors along OX and OY directionsi.e., perpendicular and along the
respectively. Thus

Zx =—g (cosl? +sinl})—m}x [m}' x Rcosk?]
==g (cos?u'+sinkj]—m3‘x(—chosM§]
=-g (cos?\,'i\ +sin7\.})+m2Rcos?\.’1:
:g)x =—[g—m2R]cosL§ —(gsin).]}
. Magnitude of apparent acceleration g_; is
921=91 =V (- (g-0?R)cosA))? + {~gsinA)?
=\/g2 cos? A +@*R? cos® A —Zgo)chos2 A +g2 sin?

= \/gz —2g@® Rcos? A
neglecting the term containing o, as ois small

(. 20%R .
or g5 =g 1-22 Reos?
\ g

=gll- ; 20" Rcos AJ using binomial theorem

g

g5 =g|1- m—Rcos A (1)
. g
If the apparent acceleration direction (PN )makes an angle § with the direction (PQ) of the true
acceleration g, then

tang =9 cosA —a?Rcosh

gsini

or 6 =tan! Hl —@J cotk] -(2)
g

Thus the centrifugal force not only reduces the effective value of g on the earth’s surface but
also slightly tilts its direction towards the north or south in the northern and southern
hemispheres respectively. Both of these magnitude and direction changes depend upon the
latitude A of the place.

At the equator: A =0, ..cosiA=1landg; =g ~o?R (maximum)

At the poles : A =90°, .". c0s90°=0and g, =g (maximum)
Thus the minimum value of g at the equator favours launching of satellites from the equatorial
regions.
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Q.7. Discuss kinetic and potential energy and also discuss about conservation
of mechanical energy.

Ans. Kinetic Energy

The kinetic energy K (or T) of a particle (or body) is its ability to do work by virtue of its

—»
motion. We consider the motion of a body of mass munder the action of a force F.Let the body

- = - o
moves from positionry tor, and its velocity increases from v to v;. Then work done by the

force on the body is given by
- -
-

W=I:F-d

_)
whered r is an infinitesimal displacement of the bedy during which force may be assumed to

(1)

_)
be constant. If a be the acceleration of the body, then from Newton's second law

- - o
3 - dv dv dr
F=ma=m—=m— —
dt - dt
dr
- -
or F=ma=mv — v—=9
- dt
dr
_)
putting this value of F in equation (1),
- -
w=["? mvd—v -dr—mjvzv-dv < Z)
- Vi
dr
4 - -
Now v2 =v? or v-v =02
_)
On differentiating, we get v -d v =vdv, therefore (2) becomes
U 2 2
W=mI 2vdv=m[v—}
vy 2
¥
1 > 1 =
or W="mv3; ——muv (3
1 g MUz — 1ty (3)
The quantity Emvz is defined as the kinetic energy K of the body.
Thus W=K2 _Kl =AK ...(4)

where K; = ; mv% and K, = ; mv% are respectively the initial and final state kinetic energies

of the body. Equation (4) says that, “the work done by the force on the body is equal to the
increase in kinetic energy of the body”. This principle is called work-energy theorem or
work-energy principle.
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If Kz =0,thenK1 =-W
ie,Kq= ;mvf is the amount of work that a body can do before it comes to rest starting from

an initial velocity v4.

If the work is done by the force then body gains in kinetic energy and if work is done by the
body then it loses some kinetic energy. In each case amount of work done is equal to the
change in kinetic energy of the body. Work-energy principle is valid even in the presence of
non-conservative forces.

Potential Energy

The potential energy of a particle or a body is defined as its capacity to do work due to its
position or configuration. For example a compressed spring has some energy stored in it in
the form of potential energy. This spring is capable of doing some work at the cost of its
potential energy. Similarly, the water stored in a dam or reservoir has the ability to run the
turbine. So we can say that potential energy of a body is a form of stored Energy that can be
converted fully into kinetic energy. It is usually denoted by U or V.

The potential energy can be defined only for conservative force fields (for which work done
between two points is independent of the path between those points). Let in a conservative

_>
force field, the present position of the body is represented by r and its reference or standard
_)
position by ry (in which U =0).
- - r— -
U=J:bF-dr=—J'r0F-dr (1)

The potential energy is therefore the amount of work done by the force to restore the body
from its present position to the standard position. In the standard position the capacity of
body to do work becomes zero and the force acting on the particle or body is also zero. For a
spring, the unstretched or normal state can be taken as the standard condition.

We may note that :

1. For a non-conservative force, the work done cannot be expressed in the form of
potential energy because it depends upon the direction of motion as well as on the path
taken. In some cases the work done may also depend upon the speed of the body. Thus
potential energy cannot be defined for non-conservative forces.

—3
2, The standard position is sometimes taken atry =.
- =
U=—L’°F-dr -(2)

So the potential energy is equal to the work done in moving the body from infinity to

_)
present position r against the force.
3. If the particle is displaced along the direction of force, then

U=—J';}+"-d? =—I;Fdrc050°=—I;F-dr

On differentiating w.r.t. r, we get
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r=-2

dr

So, the potential energy is a function of position whose negative gradient gives the
force acting on the body.

4, Potential energy in the initial position /, using equation (1) is

- >
Uj: Fd]"
4]
d in the final positi U,=["F-dr
and in the final position f, f—j:; -dr
The change in potential energy in moving the body fromito f is
ro - —> ri—) —)_ rl.—) —
Uy -U; _J""F dr-j‘ Fdr= j:;F-dr +Ir0F-dr—_[rfF dr

or Ug-U; AU=—ij dr =W
Thus increase in potential energy of the body is equal to negative of the work done by the force
in moving the body from initial to final position.

Law of Conservation of Mechanical Energy
The sum of kinetic and potential energies of a body is called its mechanical energy.
We know that the work done in displacing a particle from A to B under the action of a

—3>
conservation force F,is

B>
W= J’AF dr _j (dU)=U, -Uy (1)
- =
because F-dr =(iF, + JFy +KkF,)- (idx + jdy + kdz)

—Fydx+Fdy+F dz=—g—Ud —a—Udy—Z—Ud

oy
- -
or F.dr =-dU
B & -
We also have W= I dr—jmv—dr—jmv dv
A A
dr
B 1 =2 1 9
or W=m| vdv=—"mvp —muv3 =Kp—K w2
Ll 5 Mip — My =Kp iy (2)

where K 4 :;mvi and K p :;mv% are the potential energies in the position 4 and B

Equating (1) and (2), we get
UA _UB=KB_KA or KA +UA=KB+UB
or K +U =E, a constant.
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Here E, is called the mechanical energy of the particle or body. Thus mechanical energy of a
body remains conserved under the action of a conservative force. This is known as the law of

conservation of mechanical energy.

It should be noted that the mechanical energy of the body remains conserved with respect to
both the position of the body and the time. This means that in a conservative field force, the
value of mechanical energy E does not change either due to change in the position of the body

or due to the passage of time.

_)
Q.8. The position of a moving particle is at any instant given by r = A cos6i
+ A sin 6j. Show that the force acting on it is a conservative one. Also

determine the potential function.
Sol. The position vector of the particle at any instant ¢ is

_)
r =AcosbBi + Asin §j = A coswti + A sin off

where 8 =nt, and ®is the angular velocity of the particle. Linear velocity of the particle at the

given instant is

_)
A ’ 7 ,
V =—— = Ao (—sin oii + cos off)
dt
- 42 ? 2 2=
Its acceleration o S —Aw” (cosoti +sinoff)=—-" r
dt
If m be the mass of the particle, then force acting on it is
- - 9>

F=ma=—me"r =—mm2(xi+yj+zk)

- -
This force will be conservative if Vx F =0

i
Now, VxF=| —
0x ay oz

2

-mo’x -ma’y -ma’z
=—-mo?® |i Ez—@ +j ix—iz +k iy—ix
dy 0Oz 0z Ox ox~ Oy
=—me?[i (0—0)+ j (0—0)+k (0—0]]
> 2>
. V x F =0. Hence force acting on the particle is conservative.
The corresponding potential function is given by
- - - — - =
U=—IF-dr =—I(—mm2 rydr =mco2_[r -dr =mco2_[r-dr

g =1mmzr2
2
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Q.9. Describe motion of the centre of mass in detail.
Ans. Motion of the Centre of Mass

Let us consider the motion of a system of n-particles of masses m, ,mz,...,m, having position
- = —
vectors ry,ry,..., Iy respectively. The position vector of the centre of mass of the system is

defined as

- - - 1 -
2 o mqry+tmpry +...+m,ry, ¥
R=""1717T7272 B s & R
mq +m2 +...+m, T Mi=1
or MR 2‘. m; r (1)

i=
where M=my +my +...+m,, is the total mass of the system which is taken to be constant.
Differentiating w.r.t. time t, we get

- - - >
dR 2 dr dry dry dr,
7=m1 74‘”12 —= 4... +mn _—
d't i=1 dt dt dt dt
— —> - n -2 —
or MV=m1 Vitmp Vo +...+m, V,=Z m; V; =P wif2)

2 _dR. , V. VoV, iti
where V = is the velocity of the centre of mass and V;,V3,...,V,, are the velocities of

—»

—
individual particles such that V, = ddrtl etc. Equation (2) says that the total linear momentum

_)
P of the system is equal to the product of the total mass of the system and the velocity of the
centre of mass.

{1 e B
Ey i

. 1”‘:‘
1

3
v (3)

Since in the absence of any external force, the momentum of the system remains conserved,
therefore from equation (2)

_)
The velocity of the centre of massis V =

= - -
MYV =P =Constant or V =Constant .(4)

Thus in the absence of external forces the centre of mass of a system moves with a constant

velocity.

An example that verifies this fact is the case of decaying radioactive nucleus in flight. the

particles of decay may move with different velocities in different directions but their centre of

mass continues to move with the same velocity in the original direction.

Now differentiating equation (Z) wrt timet,

-

Md_V 1dV1 rm, dV2+ . an
dt dt dt dt
- — — -

or Mag,=myay +mpas +...+mya,
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where a_,, =d— is the acceleration of the centre of mass and a,,4a,,....,a, are the
t

accelerations of individual particles of the system.

, ] = > - > o
From Newton’s second law of motion my a1 =F;,mya; =F,,...m, a, =F, are the forces

acting on different particles. Then we have

- - - —

Mﬂ'cm =F1 =F2 +...+Fn ...(5)
The force on RHS of (5) also include internal forces exerted by particles on each other. But
from Newton'’s third law the vector sum of all internal forces will be zero as they occur in pairs
of equal and opposite forces. Thus, internal forces play no role in the motion of centre of mass.

Hence only the external forces govern the motion of the centre of mass. Therefore
—

_)
Mag, =F* ..(6)

N

where F ® is the total external force acting on the system. Equation (6) says that the centre of

mass of the system is concentrated at this point and the net external force acting on the system
is applied directly to this point.

Q.10.1 kg, 2 kg and 3 kg masses are placed at three corners of equilateral
triangle having each arm 1 meter, calculate the centre of mass of this
system.

Sol. Let us consider the system of particles as shown in given fig.

_)
Since my =1Kkg lies at the origin, its position vector relative to origin 0,r; =0.

ﬁ
p.v.of massm, (=2kg), r; =1i

_)
p.v. of mass my (=3 kg), r3 =i cos60° + j sin 60° =%r’ +§j
where i and j are unit vectors along X and Y axis respectively.
The position vector (p.v.) of the centre of mass relative to origin O(i.e., particle of mass 1 kg) is

5 5 5 1x0+2x1i+3x %i+§j

m1 r1 +m2 rz +m3 r3 _
my +my +my 1+2+3

0+2i+§i+—3‘/§j
= 26 2 meter

_)
R= li+£j meter
12 4

_)
R=

meter

Therefore the coordinates of the COM are (% . ?, 0}
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Dynamics of a Rigid Body
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Q.1. What is rotational motion?

Ans. Rotational motion can be defined as a motion of an object around a circular path, in a
fixed orbit. [t can also be defined as the motion of a body in which all of its particles move ina
circular motion with a common angular velocity, about a fixed point, for example the rotation
of earth about its axis.

Q.2. What is moment of inertia?

Ans. Moment of inertia in physics quantitative measure of the rotational inertia of a body
i.e., the opposition that the body exhibits to having its speed of rotation about an axis altered
by the application of a torque (turing force).

Q.3. How is the radius of gyration defined for a regular solid sphere?
Ans. The radius of gyration is the square root of the average squared distance of a sphere
object from the midpoint of the mass of the body.

Q.4. What are the significance of radius of gyration?
Ans. Following are the significant points :
(i) The radius of gyration is hedge in the figuring of the catching heap of a beam or
pressure.

(i) Itis additionally valuable in the appropriation of intensity between the cross area of a
given section.

(iii) The range of gyration is useful in contrast with the exhibition of various types of
primary shapes at the hour of the pressure.

(iv) Lesser estimation of the radius of gyration is successful in performing the primary
investigation.

{v) Lesser estimation of the radius of gyration shows that the rotational axis at which the
segment catches.

(Q.5. What is the effect of force on : (i) rigid body and (ii) non-rigid body.
Ans, (i) Applied force can not change the shape of the body but it can change its position.
(ii) Applied force can change shape as well as position of body.

Q.6. When a whole particle of a body move at the same distance which motion

is called.
Ans, Rigid body motion.
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Q.7. Does a rotating object have kinetic energy?
Ans. Arotating object also has kinetic energy. When an object is rotating about its centre of

mass. Its rotational kinetic energy is k=%/w2. Rotational Kinetic energy =% moment of

inertiax (angular speed) =,
(Q.8. What is meant by stress?
Ans. Stress is a quantity that describe the magnitude of forces that cause deformation.

Stress is generally defined as force per unit area. When forces pull on an object and cause its
elongation, like the stretching of an elastic band we call such stress a tensile stress.

Q.9. Define strain.

Ans. Strain is simply the measure of how much an object is stretched or deformed. Strain
occurs when force is applied to an object. Strain deals mostly with the change in length of the
object.

Q.10. Define elastic constant. What is elastic constant formula?

Ans. Elastic constants are the parameters expressing the relation between the stress and
the strain on the materials within the stress range that the materials exhibit elastic behaviour.
Elastic constant E =9 KGG +3 K
where, K is the bulk modulus, G is shear modulus of rigidity, E is Young’'s modulus of elasticity.

Q.11. What do you mean by cantilever?

Ans. Cantilever, beam supported at one end and carrying a load at the other end or
distributed along the unsupported portion. Cantilever are employed extensively in building
construction and in machine. In building, any beam built into a wall and with the free and
projecting forms a cantilever.

Q.12.Find the radius of gyration for a solid sphere about diameter whose radius
is /5 m.
Sol. If Mbethe mass and Rthe radius of the solid sphere, then its MI about a diameter is

1=2 ug?
5

If the radius of gyration of the sphere about a diameter is K, then

I=MK?
So, MK? =§ MR?
= K= gR

5

or K= % x \E

=+/2 =141 meter
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Q.1. Explain the principle of conservation of angular momentum. Prove that

- d_>
2_d]
dt
Ans. Law of Conservation of Angular Momentum

2
When body is rotating some fixed axis under the action of external torque t ext,, then the time

=
rate of change of its angular momentum J is equal to the torquei.e.,

daj -~
Rt | T
dt ext
_)
- d]J -
If Text =0,then o =0 or J =constant

This is the principle of conservation of angular momentum. According to it, “if the total
external torque acting on a body is zero, then the angular momentum of the body remains
conserved”.

- - =
If the angular momentum of various particles of the system be /1, /,..., J, then according to

principle of conservation of angular momentum, in the absence of external torques, the total

angular momentum

> o - -
J=li+]y+..+]y

> - -

remains conserved. However /4, J5,...., J, may change individually.
Example : 1. The angular momentum remains conserved in the motion of planets and
satellites.
2. The angular momentum remains conserved in the scattering of a proton by aheavy nucleus.
3. An ice skater executing spin.

Q.2. State and prove the theorem of parallel axis. A . E
Ans. Theorem of Parallel Axis :
This theorem states that the moment of inertia / of a body about any axis
is equal to the sum of its moment of inertia about a parallel axis passing
its centre of mass I ., and product of its mass and square of the distance
X between the two axes i.e.,

I=1,, +Mx?
Proof: Let C be the centre of mass of a plane lamina as shown in figure.
Suppose I be its moment of inertia about an axis AB (in its plane) and
I, is the moment of inertia about an axis EF parallel to AB and passing
through C.
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Consider a particle P of mass m at distance r from C. Its distance from AB is {(r +x) and its
moment of inertia about ABism (r + x)2 .The moment of inertia of the whole lamina about AB

is,
I=2m(r +x]2 =Em (r2 R +2rx) =2mr? +Zmx? +32mrx
as x is constant, so we can take it out of summation.

So, I=3mr? +x%Zm +2x>mr
Here, Ymr? = moment of inertia of lamina about EF = I .- Zm = M, total mass of the lamina

Zmr =0, the sum of moments of all the particles about the axis passing through
centre of mass is zero.

Hence, =l + Mx?
Q.3. Asolid sphere of mass 500 g and diameter 2 cm rolls without slipping with

a velocity of 10 cm/s. Calculate its total energy.
Sol. The translational KE of the sphere is

L. 5
K trans =£M”
2
and rotational KE is Koo =11(u2 4 EM’R2 i co=2
2 2\5 R% R
Total energy =K pns + Kot =%Mvz +%Mvz

E =170}|sz2 =  M=500gv=10cm/s

=% %500 g x (10 cm/s)? =35000 ergs

E =35000x1077 joule =0.0035 joule

Q.4. State and prove for the theorem of perpendicular axis.
Ans. Theorem of Perpendicular Axis

This theorem states that the moment of inertia of a plane lamina

about a perpendicular axis is equal to the sum of its moments of

inertia about any two mutually perpendicular axes in plane of
lamina intersecting on the first axis.
Proof: Let OX and OY be two mutually perpendicular axis in the
plane of lamina and 0Z be the axis perpendicular to the plane of ’ X
the lamina as shown in the given figure. Obviously the three axis
intersecting at Oare perpendicular to each other. If I, and I , be
the moments of inertia of the lamina about OX and OY
respectively, then according to the theorem of perpendicular Y Fig.
axis,

I =l +1
where I, is the moment of inertia of lamina about the perpendicular axis 0Z.
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Let us consider a particle P of mass m at a distance r from 0Z. If the coordinates of particle are x

and y, then its moment of inertia about 0X and OY will be my2 and mx? respectively.

The moment of inertia of the particle about 0Z =mr? and of whole lamina ==mr2. But from

the figure r? =x? +y2,

So, I, =Em(x2 +y2 ) =Tmx? +Emy2

or I =1y +1,

Q.5. Find the moment of inertia of a circular disc about (i) a perpendicular axis
through its centre, (ii) a diameter.

Ans. Moment of Inertia of a Circular Disc

(i) About an axis through its centre and perpendicular to its plane : Let M be the mass and

R be the radius of the disc (Fig ). Mass per unit area of disc = iz
nR

Consider a concentric elementary ring of radius x and thickness dx.
Area of the ring =2nx - dx

Mass of the r1ng-£x2nx dx = 2 e
7R R?
Moment of inertia of this ring about an axis through 0 and
perpendicular to its plane

_2Mxdx 2 _2Mx°
R? R?
Therefore, moment of inertia of the whole disc about the axis is

By 2M| X 5 2M R*
1_71' dx = B il il
0 |4 " RZ 4

1=1 mp2
2

dx

(ii) About a diameter : Due to symmetry, the M.l of the disc about any diameter is the
same. Using theorem of perpendicular axes, we have

IZ = IX + IY
IMR2 =141 or  1=1MR?
2 4
Q.6. A solid sphere rolls down an inclined plane from rest. Find the velocity
after it has suffered a vertical drop of 2 meters (g =10 m/s? )

Sol. The acceleration down the inclined plane is given by
=9 sin 0 (1)
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2
For a solid sphere I =EM'R2 =MK? K- = E
5 R 5
Putting this equation (1),
a =gsm9 =§gsin9
1+= ¢ /
5

h <
Given, height h=2m. So,S5=— g 8
sin© ®

h

The sphere starts from rest, therefore from

v? =y +2as, whereu =0

v2 =0+2 §gsine X
7 sin ©
7 7 7

.. Velocity attained by the sphere on reaching the bottom is

V=, 2(;0 =535m/s

(Q.7. Find the moment of inertia of a circular ring about (i) a perpendicular axis
through its centre, (ii) a diameter.

Ans. Moment of Inertia of a Thin Circular Ring

(i) About an axis through its centre and perpendicular to its plane : Let M be the mass and

R the radius of the circular ring shown in fig. Assume a particle of mass m of the ring. Its

moment of inertia about an axis passing through 0 and perpendicular to its plane is mR2.

Therefore, the moment of inertia of the entire ring about the said axis will be given by

I=MR? where, M=3m.
(ii) About any Diameter : Due to symmetry the moment
of inertia of a circular ring is the same about any diameter.

Therefore, Iy =Iy =L
Using theorem of perpendicular axes, we have
IZ = IX + Iy
ie., MR =1+1
or 1=1 mp?
2

Q.8. Write the short note on stress.

Ans. Stress F:;_

When external deforming forces act on a body, internal forces opposing the former are
developed at each section of the body. The magnitude of the internal forces per unit area of the
section is called “stress”. In the equilibrium state of the deformed body, the internal forces are
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equal and opposite to the external forces. Therefore, stress is measured by the external forces
per unitarea of their application. Stress is not a vector quantity since, unlike a force, we cannot
assign to ita specific direction. Stress is one of a class of physical quantities called tensors.

The S1 unit of stress is the Newton per square meter (N-m 2 ). This unit is also known as pascal

(£, )} Its dimensional formula is [ML'lT'2 1.

The stress § can be defined as the ratio of the internal restoring force F to the area 4;
Stress=F/A
The stress is called a tensile stress, meaning that each portion pulls on the other anditisalsoa
normal stress because the distributed force is perpendicular to area.
The stress produced in a body depends upon the manner in which external force is applied.
These are of three types :
(i) Longitudinal Stress : If deforming force acts along the length of the body, then stress
is called longitudinal stress.
(ii) Normal Stress : If deforming force acts normal to the surface of a liquid, then stress is
called normal stress.
(iii) Shearing Stress : If deforming force acts tangentially on the surface of body, then
stress is called shearing stress.
Q.9. Write the Hook's law.
Ans. Hooke’s Law : Robert Hooke, in 1679, showed experimentally that “provided the
strain is small, the stress is proportional to the strain” ie,,
Stress
Strain
This is known as Hooke’s law. The constant of proportionality is called “modulus of elasticity”.
It depends upon the material. It is different for different types of strain in the same material.
It's unit is Newton per meter? and dimensional formula is [ML_lT_2 1.
Corresponding to three types of strain, we have three modulli of elasticity namely :
(i) Young's modulus, corresponding to longitudinal strain.
(ii) Bulk modulus, corresponding to volume strain.
(iii) modulus of rigidity, corresponding to the shearing strain.

Q.10.What are the differences between pressure and stress?

Ans. Differences between Pressure and Stress : Pressure is defined as the external force
applied on unit area of a surface. When an elastic body is deformed under the action of some
applied force, then internal restoring force is developed which opposes change in shape and
size of the body.

In equilibrium condition, the internal restoring force is equal to the applied (or external)
force. The internal restoring force acting on unit area of the body is called the stress. Thus
both stress and pressure have the dimensions [ML_IT_Z] and their SI unit is Newton/mz.

Mathematically,

=ga constant

Pressure (or Stress) =j

But for pressure, F is applied force whereas for stress it is the internal restoring force.
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Q.11. Define the Young’s modulus of elasticity.

Ans. Young's Modulus

Within the elastic limits, the ratio of longitudinal stress to the longitudinal strain is called
Young's modulus for the material of the body, It is denoted by the letter Y. Let L be the length
and A the area of cross section of a wire. Let its length be increased by / when a longitudinal
force F is applied along its length.

longitudinal stress :i

longitudinal strain =%

yF/A_FL
1/L Al
Its SI unit is N/m2 and dimensional formula is [ML_lT_2 ]

Q.12. Write a short note on modulus of rigidity.
Ans. Modulus of Rigidity
Within elastic limits the ratio of tangential stress to the shearing strain is called the modulus of
rigidity of the material of the body. It is denoted by the letter 1.
Let abed be a section of a block of face area A. Let its lower face be fixed and the upper face is
acted upon by a tangential force F. It is sheared and assumes the new shapeab’c’'d. Let0 be the
angle through which its vertical sides have turned.
tangential stress =F/A

shearing strain =0
The modulus of rigidity n of the material of the block is
F/4

)

The dimensional formula for nis [ML"lT_2 ].

Q.13. Prove the relation : Y =2n(1+ o).
Ans. Relationship amongY,nandoc
Consider the compressional stresses on the face ydba and JI' | d

|

|

|

Then

Tl:

oxcz parallel to y-axis and an equal extensional stress on faces
ayoz and bdxc parallel to x-axis (Fig.).

Then extensianal stress P, parallel to x-axis, will produce P

extension (P/Y) along x-axis, and compression (cP/Y ) along //6 ______ P | - =
each of the y and z-axis. Similarly, compressional stress p = ;= } &
parallel to the axis of y will produce compression (P/Y }along Fig. 1

the y-axis and extensions (cP/Y) along each of the x and
z-axis. The net extensions e, , e, and e, along the three axes of x, y and z are, therefore,
ey el +£ =£(1 +0)
Y Y Y
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cP P P
e,=——-——=——(l+o
Yy ¥y Y( )
ez=L‘P+°—P=0

Y

Thus we have equal extension and compression along x and y-axis. But we know that the sum
of simultaneous equal compression and extension at right angles to each other are equivalent
to shear 8, and hence

or

or

P P 2P
0=—(1l+o)+_—(1+5)="(1+0c
Y( ) Y[ ) Y( )

P_ Y
0 2(1+c)
Now, the modulus of rigidity
_shearingstress P Y
- shearing strain 8 2 1+o)
Y =2n(l+0) -(2)

This is the required relation between Y, 1, c.
Q.14. What are the applications of bending of beams? Discuss in brief.

Ans.
(a)

(b)

Applications of Bending of Beams

In girders of rectangular cross-sections the longer side is used as depth : The
3

depression § = Mg L3 in the middle of a beam for a given load is directly propor-
4Ybd

tional to the cube of its length (L) and inversely proportional to its breadth (6) and cube
of thickness (d). For the depression to be small, the length or span of the girder should
be small, while its breadth and depth (or thickness) should be large. Since, the depth
varies as cube power, hence an increase in depth reduces the depression much more as
compared to the same increase in breadth. Therefore, in the girder of rectangular
cross-section, the larger side is used as its depth, so that the girder may not bend
appreciably.

Steel girders and rails are generally I shaped : Girders standing on pillars at their

ends support load and suffer bending and its middle part is depressed. The depression
3

produced in the middle of a beam supported at its ends is given by 8 = Mgt 3 In this

4Ybd
process the filaments in the upper half are compressed while those in the lower half
are extended. These extensions and compressions are greatest near the surface. The
stresses produced are also maximum and decreases towards the neutral surface from
either side. Therefore, the upper and lower faces of the girder should be much stronger
than its inner portions. The inner parts may, therefore, be made of smaller breadth
than the upper and lower parts. This is why the steel girders are usually manufactured
with their sections in the form of 1. Thus a large amount of material is saved without
sacrificing the strength of the girder.
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(c) Uniform Cantilever is more likely to break at the fixed end : The external load
W (= Mg)applied at the free end of a uniform cantilever exerts a bending torque at each
section of the cantilever. Its value is different at different points along the length of the
cantilever. At a point distant x from the fixed end, the bending torque will be W (L — x),
where L is the length of the cantilever. Obviously, at the fixed end (i.e., at x =0), the
bending torque will be maximum (equal to WL). So the uniform cantilever is more
likely to break near the fixed end. At the loaded end (i.e., at x = L}, the bending torque
will be minimum and hence the cantilever is least likely to break there.

Q.15. What do you mean by strain energy in a body?
Ans. Strain Energy in a Body
Suppose a wire of length L and cross sectional area 4 is stretched by x on applying a force F

along its length. Then linear strain = %

tensile stress = F /A

Young's modulus for the material of the wire is
Y= tensile stress _F /A
linearstrain x/L

So the force F required to stretch the wire through x is

F=Ex
L

The work required to be done to stretch the wire further through a distance dx is
dW =Fdx= Yf xdx

Hence the total work done to stretch the wire from the original length Lto L + xi.e.,fromx =0

to x =x, will be
2 X
W[’ YAxdx:YA(X] 174,
0 L

Ll 2 2 L
=1 Yxfx AL
2L ML
or w =% x stress x strain x volume

Hence the work done per unit volume of the wire is
1 :
=5 X stress x strain

This work is stored as the elastic (potential) energy or strain energy in the wire.

Q.16. Find the work done in twisting a steel wire of radius 1 mm and length 0.25
m through 45°. nfor steel =8x10 N/mz.

Sol. Work done in twisting a cylinder (or wire) through ¢ radians is given by
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1,2 1(mR*), 2
w="cp?="| "M
2 U 2 [ 2L Jd)

Given, R=1mm =1x10"3 m, L =025 m, and

45%w

¢ =45°= radians =~ radians
180

10 344 2
W=1x3.14x8x10 x([1x1077) . 314 oul
2 2x025 4

W =015 joule

tlaeile] Bl LONG ANSWER TYPE Je1f/3){e] )13

Q.1. Define moment of inertia and radius of gyration. Also show that equation
of motion of a rigid body.

Ans, Moment of Inertia

The moment of inertia (M.1.) of a body or a system of particles about an axis of rotation is given

by

I=2mr? =m1r12 +m,.r22 +...
where my,m,,... are masses of particles and rq,r;,... are their distances from the axis of
rotation respectively. Its MKS unit is kg. m? and dimensional formula is [ML2 ].1t is a tensor
quantity.

Moment of inertia of a body depends upon :
(a) the mass of the body

(b) the distribution of mass about, and its distance from, the axis of rotation.
Since T =la
If o =1,thent =1
Thus the M.L of a rigid body about a given axis may be defined as the torque capable of
producing unit angular acceleration about that axis.

For a continuous, homogeneous body
I= jrzdm
where dm is the elementary mass at a distance T’ from the axis of rotation.
Radius of Gyration
Let us suppose that mass M of a body is concentrated at a distance ‘K’ from the axis of rotation,
then the M.L of the body about that axis of rotation may be written as
I=MK?
or K=y(I/M)
Thus the radius of gyration ‘K"’ of a body about an axis may be defined as the distance from the
axis of rotation at which if the whole mass of the body were to be concentrated, the M.L. of the
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body about this axis would remain the same as it would have been with the actual distribution
of mass.

Equation of Motion of a Rigid Body

-
Letus consider a rigid body rotating with an angular velocity ® abouta

-

fixed axis OK passing through the point G.If R is the position vector of

any particle P of mass mrelative to 0,then its linear velocity is given by
> 2 o

v=0xR (1)
. — -
Its linear momentum p =m v and angular moment about 0

> 3 3 3> o
Jp=Rxp=Rxmv -(2)

Therefore total angular momentum of the whole body aboutOis given
by

- - - - g
J=X],=EZm(Rxv) Fig.
- = -
=XmRx(wx R) ik 3)
- -
The direction of J will in general not coincide with that of .
- > > 3> > >
Now, J=Em{(R-R)o—(R-o) R}
- 5= -
or ] =Zm{R" ® —(®@Rcos8) R}
where ZPOK =0

— -
Hence the magnitude of the component of R along @ will be R cos and then the magnitude of

_)
the component (Jg ) of J along the axis of rotation will be given by
Jo=Em {cho—(oaR cosO) Rcos0}
=EmR2m(1 —cos? a) =*mR*wsin’ 6

—@ZmR3 ()
where Ry = Rsin 0 is the distance PS and ois the same for all particles of the body. In equation
(4) the Zng is called the moment of inertia of the body about the axis of rotation and is
represented by 1.

Equation (4] can be written as

Jo =Io w(5)
If the axis of rotation and the axis of symmetry of the body is same, then the total angular

_)
momentum J of the body will be along the axis of rotation i.e.,

- =
J=lw or J=Io
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The moment of force about O or the torque is given by

dt dt d
e
or T =la ..(6)
%
where o =d_(u
dt

Equation (6) is the fundamental equation of rigid body.

- -
If the axis of rotation is not the axis of symmetry then [ will not be along w. Thus for the

_)
component of J along the axis of rotation, we get
1:=dj—°=1d—m=la «(7)
dt dt
i.e., the torque about a fixed axis is equal to the product of the moment of inertia (7) and

angular acceleration (o) about that axis.

Q.2. Define torque and angular momentum of a particle. Show that the time
rate of change of angular momentum of a particle is equal to torque acting
on it.

Ans. Torque Acting on a Particle

We know that a force is required to produce linear Z

acceleration in a body which is in translational

motion. In the same way, a torque or moment of

force is required to produce angulr accelerationina
body that is in rotational motion. Torque is a vector

quantity and its SI unit is newton-meter. Y
_)
Let a force F be applied on a particle P whose
position vector relative to origin O of an inertial
—>
frame is r as shown in fig 1.
- - .
The torque © or moment of force F on the particle x
relative to origin Ois defined as
- o5 o
tT=rxF «(1)
= 3 _) -
Its magnitude is t=|t|=rFsin0 w(2)

- - - -
where0 isthe angle between r and F. The torque 1 is directed perpendicular to the plane of r
- -
and F. The direction of © can easily be determined by using the right hand rule.

_)
Now the magnitude of © can be expressed in two different ways as
T=(rsin@)F=r lF wil3)
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or t=r(Fsin0@)=r LF ..(4)
The torque will be zero if either
(i) 8 =0°0r180° so thatsin6 =0, or

_)
(ii) r =0i.e.,the particle lies at the origin.

- -
The torque will be maximum when8 =90°so that r and F are perpendicular to each other. In

this case
Tmax =TF sin90° =rF

Angular Momentum of a Particle

: e =% Z
Let a particle P of mass m whose position vector r

relative to origin 0 of an inertial frame, is moving

T=Txp

_)
with a velocity V. The momentum of the particle

- — -
will be p =mV (Fig. 2). The angular momentum j

of the particle relative to origin 0 is defined as :

e T T T
J=rxp=rxmV

- > -
J=m(rxV) (1]
Thus angular momentum is the moment of linear Fig. 2

momentum. It is a vector quantity whose direction

- -
is perpendicular to the plane of r and p. Its unit is l«:g—m2 /s and dimensions are [MLZT"l]

_)
which are also the dimensions of Planck’s constant. The direction of J can be determined by
right hand rule.
The magnitude of angular momentum is

-
J=|J|=rpsin® =mvrsin6 w2
- -
where 0 is the angle between r and p.

_)
Both the magnitude and direction of /] depend upon the choice of origin. The angular
momentum of the particle will be (minimum) zero if either :

- -
(i) the line of action of p passes through the origini.e., r =0, or
- -
(ii) when r and p are parallel (collinear) i.e., if @ =0° or 180°.
_)
The angular momentum of the particle relative to Owill be maximum when =90°i.e., whenr

—
and p are perpendicular to each other. Thus
T max =Mmvrsin 90°=mur .+ sin90°=1
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Relation between Torque and Angular Momentum

- =2 -
We know that J=rxp
d - o > - o
] dr xp+ iﬂ mv+r+iﬂ
dt dt di dt
_)
- =2 - - dp 2
=0+r xF v yxy=0and =
d—)
or —]='c
dt
_’
> d] 2> =2
Therefore, T=—"=rxF (1)

Thus the torque acting on a particle is equal to the time rate of change of its angular
momentum. Equation (1) plays the same role in rotational motion as Newton’s second law

—
F= ddP plays in translational (linear) motion. Equation (1) is valid only when the origin of ©
t

=
and J are same,

Q.3. Derive the expression for the rotational kinetic energy of a body and show

that the total kinetic energy of a body of mass M and radius R, rolling
2

without slipping along a plane surface is n:v 1+ ;;2 where vis the linear
velocity of the body and K is its radius of gyration about an axis through its
centre of mass.
Ans. Kinetic Energy of Rotation
When a rigid body performs a linear or translational motion, then its
kinetic energy depends on its mass and linear velocity. But, if rigid
body is in rotational motion then its kinetic energy depends on its
mass and angular velocity as well as on the distribution of its mass
relative to its axis of rotation.
Consider a rigid body of mass M, moving with an angular velocity ®
about an axis passing through O (Fig. 1}. If body consist of particles of
masses mq ,my, mz,... etc which are at distancesry ,r;,r3,... etc. from
the axis then angular velocity of all these masses remains the same but
linear velocity changes.
Then K.E. of whole body is given by

E —;mlrlzmz + ; mzrzzcoz 3,
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=%m2(m1r12 +m%rz2 +..)=% 2xmr?

E=11'an2
2

If w=1,then I =2E.
i.e., the moment of inertia of any rigid body is twice the rotational K.E. of the body rotating
with unit angular velocity.

Kinetic Energy of a Body Rolling on a Horizontal Plane : B
Simultaneous Rotation and Translational Motion : Let us %
consider a body with a circular symmetry of mass M, radius Rand

with its centre of mass at 0, rolling without slipping along a \

horizontal plane, such that it rotates clockwise and moves along
+x direction as shown in fig. 2. oOl—v —_—
At any given instant, the point A, is at rest. So an axis through A4, R
perpendicular to the plane of paper, is its instantaneous axis of

rotation. The linear wvelocities of its various particles are k
perpendicular to the lines joining them with the point of contact v =0
A.Their magnitudes are proportional to the lengths of these lines.
Thus if linear velocity of the centre of mass O be v, then linear
velocity of the particle at point B will be 2v. This means that the body is rotating about the fixed
axis through A with an angular velocity @, given by (v/R). The motion of body is thus equivalent
to one of pure rotation about the axis through A, with an angular velocity o.

Fig. 2

The kinetic energy possessed by the body is its kinetic energy of rotation ; 14 o’ ,where [ 4 is

its M.L. about the axis passing through the point A.
By the theorem of parallel axis,
IA = ICM aF MRZ
where Iy is the M.L of the body about a parallel axis through its centre of mass.
.. Kinetic energy of the rolling body,

E=11,0% =1(1y, + MR?)o?
2 2
2 2
_1 Ty 2 clyp2 v
2 R2 2 RZ
1 1

2
—~MK2Y_ = mp?
2 R 2

2
E=1m?|1+K
2 R?
Q.4. A 500 g mass is whirled round in a circle at the end of a string 50 cm long,

the other end of which is held in the hand. If the mass makes 8 rev/s, what
is its angular momentum? If the number of revolutions is reduced to just
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one, after 20 seconds, calculate the mean valueof v
torque acting on the mass.
> 5 =5 o ¥
Sol. Angular momentum of mass, [ =r xp=r xmv which
directed perpendicular to the plane of the circle.
_)
So | J|=J =muvr sin@ =muvr sin 90° =mur
- -
where 8 =90°, is the angle between r and v.
Now, v=ro & ] =mr2co Fig.
where angular velocity, ®=2nn=2xn x8rad/s
. Angular momentum, J=500gx(50 cm? )% (2Zrx8rad/s)

=628x107 erg-s

2
_d] _d(mre) —mr? d£)=500x(50)2 . (2r x8-2n x1)
dt dt dt 20
_500%x2500x2mx7
20
1 =275%10° dyne-cm.

Q.5. Discuss the combined translational and rotational motion of a body over
an inclined plane.

Ans. Combined Translational and Rotational Motion on an

Inclined Plane : Let a body of mass M and radius R rolls down

from rest along an inclined plane without slipping through a

distance § as shown in the given figure. The body is under

simultaneous translational as well as rotational motions.

Gain in KE of translation = ; Mvz,

Torque, T

where v is the velocity of body at position B.

1,5 1. 2 v?
Gain in KE of rotation =—Jo“ =~ MK* -~
2 2 R
2
Total gain in KE = - My? + - m2 . X
2 2 R?

Vertical height descended by the body,
h=5sin@
Loss in PE of the body = Mgh = MgSsin §
Gain in KE = Loss in PE

2
i.e., lez 1+K— =mgS sin 8
2 RZ
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or

Thus,

131

(1)

Since the body starts from rest therefore its acceleration ‘a’ down the inclined plane is given

by
v? =2a8
Comparing (1) and (2), we get
_gsin®
2
1+ .o
Rz
. 1 2 1l .2
It t be the time of descent, then S=ut+ Eat: =0+ Eat:

h _1 gsin® £2 or Fe 1 2_h[1+

or
sind 2 K2 sin6 \ g
1+—

RZ

-(2)

-(3)

-(4)

which shows that the time of descent is independent of the mass of the body rolling down the
plane. From equations (3) and (4) it is clear that the acceleration and the time of descent
depend upon radius of gyration K of the body which is different for different shaped objects.
Hence, acceleration and time of descent will be different for different shaped objects. Further

the time of descent depends upon the inclination 9 of the plane.

Q.6. Define various types of strain and also define Poisson’s ratio.

Ans. Strain

When a body suffers a change in its size or shape, under
the action of external forces, it is said to be deformed. The
term strain refers to the relative change in dimensions or
shape of a body that is subjected to stress. Since it is a
ratio, the strain has no units and dimensions. Associated
with each type of stress is a corresponding type of strain.
There are three types of strains :

1. Longitudinal Strain : The strain produced in a
wire by a force applied along its length is called
longitudinal strain.

Changein length !
Original length L

Longitudinal strain =

—_— F
b—x—1V c
- P ;
i i
i ’
I i
4 i
! }
I I
! F
'3 I
If 4
!
h / /
'
0 0
7 [
; /
! /
/ i ;
! Fixed /
a d
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2. Volume Strain : The strain produced by a hydrostatic pressure, called a volume strain,
is defined as the ratio of the change in volume, AV, to the original volume V.Itis also a

pure number.

Volume strain = %

3. Shearing Strain : The strain produced by the application of a tangential force is called
a shearing strain. It is defined as the ratio of the displacement of any layer to its
distance from the fixed surface.

Shearing strain = % =tan6 =0 [ € is small]

Poisson’s Ratio
When a force is applied along the length of a wire then it produces a change F:D
not only in its length but also in the dimension perpendicular to the length 1 tF

and vice-versa. The change in length per unit original length is called the /:'I_\'\ --

|
linear (or longitudinal} strain. \F_‘T/
l b
linear strain =— | I
£ I 5 || @D
The change produced in the perpendicular (i.e., lateral) dimension per unit : — L
lateral dimension is called the lateral strain. jr—|
1 |
lateral strain =_g A
I I
/"—J:\
]
|
|

Within elastic limits the ratio of lateral strain and longitudinal strain is a L
constant for the material of a body. This constant is known as the ‘Poisson’s \igl—/
ratio’ and is denoted by the latter o.Itisa pure number and hasnounitsand
dimensions since it is the ratio of two strains. Fig. 2.
Therefore the poisson’s ratio of the material of the wire

- Lateralstrain _—d /D __ID

Linearstrain 1/L DI

Negative sign signifies thatlateral and linear strains are in opposite sensei.e.,if one is positive,
the other is negative.
Usually linear and lateral strains per unit stress are denoted by o and B respectively, then

B

c=F
o}

Q.7. Discuss the bending of beams and the terms used in it. Explain bending
moment. Deduce an expression for bending moment of a beam in
equilibrium position.

Ans. Bending of Beams

When a beam is bent by an applied torque, tensile force act on some layers of the beam and

compressional forces act on some other layers as a result of which filament of the beam

nearest the outside curve of the bent beam are extended and the filaments nearest the inside
curve get compressed. Internal forces come into play to contact the effect of bending.

The terms used in bending of beams are discussed below :
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1. Beam : A bar of uniform rectangular or circular cross-section whose length is much
greater as compared to its thickness, is called a beam. The shearing stress on its
cross-sections become negligibly small. If the beam be fixed only at one end and loaded
at the other, it is called a cantilever.

2. Longitudinal Filament : A rectangular beam may be supposed to be made up of alarge
number of thin plane layers placed in contact and parallel to one another. Similarly, a
cylindrical beam may be supposed to be made up of thin cylindrical layers placed in
contact and coaxial to one another. Further, each layer may be considered as a
collection of thin threads (or wires) lying parallel to the length of the beam. These
wires are called “longitudinal filaments” of the beams.

3. Neutral Surface : When equal and opposite couples are Neutral

applied at the ends of a beam in a plane parallel to its axis
length, the beam bends into a circular arc. Fig. 1 shows ﬂ
the vertical sections of such a bent beam. In bending, the

filaments on the convex side (upper half) of the beam * ) T

are extended in length and therefore under tension. Fig. 1

While those on the concave side (lower half) are

compressed and therefore under pressure. These extensions and compressions
increase progressively as we move away from the axis on either side. They are
therefore maximum in the uppermost and the lowermost layers of the beam
respectively. There is, however a plane in the beam in which the filaments remain
unchanged in length. This is called the “neutral surface”. It passes through the centres
of the areas of the cross-sections of the beam.

4. Plane of Bending : The plane in which the beam bends is called the “plane of bending”.
It is the plane parallel to the long axis of symmetry of the beam. It passes through the
axis of symmetry and the centre of curvature of the bent beam.

5. Neutral Axis : The line along which the neutral surface of a beam intersects the plane
of bending is called the “neutral axis”. The extensions and compressions of the
filaments are directly proportional to their respective distance from neutral axis.

6. Bending Moments : When a beam is bent by an external applied (i.e.,, bending) couple,
an internal restoring couple is developed at each cross-section of the beam due to its
elasticity. In the equilibrium state, the restoring couple is equal and opposite to the
external couple. The magnitude of the restoring couple is called the “bending moment”
for the beam. It is equal to the external couple.

Expression for Bending Moment
When a beam bends by the application of external couple at its

ends, then due to elasticity an internal restoring couple
produces in each cross-section of the beam, which in
equilibrium, is equal to the external couple. The moment of this
couple is called as bending moment. In fig. 2, abcd is the vertical
section of a beam under the action of equal and opposite
couples ,1 at its ends. Let NN’ be its neutral axis and beam is
divided inte two parts by a transverse plane through ef. Due to bending, the filaments of the
beam above NN' are elongated, so the forces acting on the left of ef exert a pulling force while
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that on right are pushing forces. The resultant of these two forces
form a restoring couple which is in equilibrium with external g
couple.
In fig. 3. a small portion of the beam bounded by two cross
sections ac and bd is shown. Let R be the radius of curvature of R
the neutral axis NN' and let it subtends an angle 0 at its centre of \
curvature 0. Consider a filament PQ at a distance PN = Z from the a
neutral axis, so that PO=(R+Z) Fig 3
From fig 3, we have arc NN' = R§
and PQ=(R+2)0
Before bending, the length of the filament PQ was equal to NN’ = RO.Hence the extension in the
filament P@G=(R+Z)0 — RO = Z0.
Hence, longitudinal or extensional strain for PQis

_increaseinlength 20 _Z

originallength RO "R

Now, longitudinal stress =Y x longitudinal strain L

Let A be the area of cross-section of PQ, then

. . YZ
Force acting on this area =stress x area = 3 A

The moment of this force about a line through NN’ is given by
YZ glxz=-"2 72
R R

Now, internal bending moment
G=X E.zz =KEAZZ _y
R R R

where I=34Z? is called geometrical moment of inertia of the cross-section about an axis
through its centroid and perpendicular to the plane of bending.

The product of Young’'s modulus of the material of the rod and its geometrical moment of
inertia i.e., the product Y7 is called the flexural rigidity.

Q.8. Find an expression for torsional rigidity of a cylinder. Show that a hollow
cylinder is stronger as compared to solid cylinder of the same mass, length
and material.

Ans. Torsional Rigidity of a Cylinder

Let us consider a cylindrical rod of length L and radius R whose upper end is kept fixed and a

twisting couple is applied at its lower end in a plane perpendicular to its length (Fig. 1a).

Due to elasticity, a restoring couple is set up in the rod to oppose the twisting couple.

Let us consider the cylinder to consist of a large number of thin coaxial cylindrical shells and

consider one such shell of radius x, and thickness dx. As the rod is twisted, aline AB (parallel to

its axis} on the surface of the cylindrical shell takes up the position AB’ where BAB' =§. The



Dynamics of a Rigid Body 135

angle 0 is called the angle of shear. In the equilibrium state, let the angle of twist (£ZBO' B’ ) at
the lower end of the rod be §. The angle of twist is Zero at the fixed end. Its value increases as
we move away from the fixed end. It is maximum at the free end.

gl
— i _ A+—32mx——D
dx: : \\
I
T 0
|
EG i
Y
T Y
1 \
R B B
(a) (b) (©
Fig. 1.

Let this cylindrical shell were cut along AB. Before twisting, it will form a rectangular plate
ABCD, but after twisting it acquires the shape of parallelogram AB’ €’ Das shownin fig. 1 (b).

Now from AB( B’, arc BB' =angle x radius =¢ x x
Also in AABB’ BB'=L-0
Hence LG =¢x
x¢
or =—r wfd
i (1)

Since the maximum value of x is equal to the radius R of the cylinder, hence the maximum
value of shearing strain

Let F be the tangential force acting over the base of the elementary shell of area 2nx dx.
F

Area of the base of the shell

ik
2nx dx

Then, tangential stress =

If nis the modulus of rigidity, then
_ Tangential stress

Shearing strain
Hi= F/2nxdx  F L
0 2rxdx xo
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from where F= @ x2dx
The moment of this force about a= @ x2dx-x = @ x3dx

This is equal to the couple required to twist the shell of radius x and thickness dx through an
angle ¢. Now, twisting couple on the whole rod

T =IRM xsdx =Mﬁ
0 L L 4
mR*
or g = ¢ e, 1« )

2L

Particularly for ¢ = % , we have

_m]R4 XE—“2“R4
2L 2 4L
The couple required to twist the rod through one radian is given by

=T _mR* -(3)
o 2L
Twisting couple per unit twist is called torsional rigidity ‘C’ of the material of the rod. Now, the
work done in twisting the wire through an angle d¢ is given by
dW =1d$ =Co -dd

442
Hence, total work done W= I:Cd) do =;C¢z = Tmi;b =strain energy

Hollow Cylinder : A Better Shaft
The couple required to twist a solid cylinder of length L, radius R and modulus of rigidity n,

through an angle ¢ is
R4
Tl Y (1)

If Ry and R; be the inner and external radii respectively of a hollow cylinder of length L, same
mass and material as that of the solid cylinder, then couple required to twist it through the
same angle ¢ is

on =" (R -R}) (2)

vy _(Rf -R{) _ (R} +R{)(R} —RD)
Ts r* r*

Now,
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But the cylinders are of the same mass, hence
n(R2 —R?)Lp =nR%Lp
where p is the density of the material of the both cylinders.
Now, we have R% - Rf =R?
or RZ =R? +R? (3)
vy (R} +R})R* R} +RS
s r* R?

Adding Rf to both the sides of eqn. (3), we have

RZ +R? =R? +2R?

ie., R% + Riz > R? because Rlz is always positive.
T

Thus, “H
tE

ie., Ty >Tg

Therefore, the couple required to twist the hollow cylinder is greater than the couple required
to twist a solid one through the same angle. Hence a hollow cylinder is stronger and a better
shaft than a solid one of the same mass, material and length.

Q
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Q.1. What do you mean by gravitational force?

Ans. Gravitational Force : The force of attraction between all masses in the universe,
especially the attraction of the earth’s mass for bodies near its surface. It is by far the meakest
known force in nature.

Q.2. Define the reduced mass of hydrogen atom.

Ans. Reduced Mass of Hydrogen Atom : In a hydrogen atom both the electron and the
proton revolve round their common centre of mass with same angular velocity. This
two-particle system can be treated as a one-particle system i.e., the electron with reduced

mass revolving around the fixed nucleus (proton). The reduced mass of hydrogen atom is
m-M m

P‘_m+M=( m]
1+—
M

where, m = mass of electron
and M =mass of proton=1836xm

Since E=i 1+E =1
M 1836 M
or L=m

Q.3. What is the meant by of central force?

Ans. A central force is a force (possibly negative) that points from the particle directly
towards a fixed point in space the centre and whose magnitude only depends on the distance
of the object to the centre. Thus

A
F=F(r)r
F = conservative central force
r =vector magnitude |r| is the distance to the distance to the centre of force
Aor

r=—
r

Q.4. What do you understand by reduced mass of positronium atom.
Ans. Reduced Mass of Positronium Atom : This is a temporary hydrogen like combination

of an electron and a positron. The positron is the antiparticle of an electron that has the same
mass as that of the electron but has a charge of +e. The reduced mass of positronium is
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_mm _m
2

m+m

where m =mass of electron or position.

Thus the reduced mass of positronium is about one-half that of the hydrogen atom.
According to Bohr's theory the frequencies of the spectral lines of a hydrogen-like system of
reduced mass L are given by

2 4
yo2ehe [1_1Jmu orn=1

3 n% n% K
wheree is the electronic charge, his the Planck’s constant and n, andn, are integers. Clearly,

(i) The frequencies of the spectral lines of positronium will nearly be half the frequencies
of the corresponding lines of hydrogen, and

(ii) The wavelengths of the spectral lines of positronium will nearly be double the
wavelengths of the corresponding lines of hydrogen atom.

Q.5. What do you mean by gravitational potential?
Ans. Gravitational Potential : The scalar quantity characteristic of a point in a
gravitational field whose gradient equals the intensity of the field and equal to the work
required to move a body of unit mass from given point to a point infinitely remote. thus,
PE; =mgAh

where, PE; =potential energy due to gravity

g = Acceleration due to gravity

m =Mass

Ah =Distance above a surface (such as the ground)

Q.6. What is Kepler’s law of planetary motion?
Ans. Kepler’s law states that the planets move around the sun in elliptical orbits with the
sun at one focus.

(Q.7. How does a geo-synchronous orbit differ from a geo-synchronous
satellite?
Ans. Geo-Synchronous Orbit and Geo-Synchronous Satellites : A geo-synchronous orbit
is defined as the orbit in which an object has an orbital period exactly equal to one sidereal day
i.e., about 24 hours. A satellite in such an orbit is called a geo-synchronous satellite. Such a
satellite returns to the same point above the earth’s surface every sidereal day irrespective of
other orbital properties. The characteristics of object’s path in such an orbit depend upon the
orbit’s inclination and eccentricity. The orbital plane for a typical geo-synchronous satellite is
in general, not the equatorial plane. It can have any inclination. A circular geo-synchronous
orbit lies at an altitude of around 36000 km. All geo-synchronous orbits have the same
semi-major axis equal to around 42000 km.
Geo-synchronous satellites are mainly communication satellites. The first geo-synchronous
satellite was designed by Harold Rosen. A special type of geo-synchronous satellites are
called geo-stationary satellites.
The key difference between the two types of orbits is that a geo-stationary orbit lies in the
equatorial plane whereas a geo-synchronous orbit can have any inclination.
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Q.8. Calculate the reduced mass of an ¢ -particle.
Sol. An a-particle is made up of two protons and two neutrons. If my, and m, respectively

denote the mass of a proton and neutron, then reduced mass of a-particle is
2my, -2m,  2my, -my,

2my +2m, m,+my

_2 x16725x10727 x1.6748 %1027
[1.6725 +1.6748]x10 27

p=16734x10"%7 kg

Q.9. Write the relationship between orbit and escape speed.
Ans. Relation between Orbital Speed and Escape Speed : The escape speed for a body
projected from the surface of the earth is given by

vV, =+29R (1)

where g is the acceleration due to gravity and R is the radius of the earth.
The orbital speed of a satellite around earth is

Vg =R 73

R+h

where h is the height of the satellite above earth’s surface. If h<< R, then
R+h=R

So, o =R\/% —JgR (2)

From equation (1) and (2), we get
Vg =\/E'U0 =141 Yo (3)

(.10. What is meant by GPS System?

Ans. The Global Positioning System {GPS) is a US owned utility that provides users with
positioning, navigation and timing (PNT) services. This system consists of three segments, the
space segment the control segment and the user segment.

Ao plely Bl SHORT ANSWER TYPE Jlo]%/ 330 (e ]\ M

Q.1. What is a central force? Explain with example.

Ans. Central Force

If a force acting on a particle is always directed towards or away from a fixed centre and its
magnitude depends only upon the distance from the fixed centre, then the force isknownasa
central force. By the fixed centre, we mean the heavier of the two bodies between which the
interaction is being considered. For example, if we consider the motion of the earth around the
sun then sun is taken as the fixed centre. Similarly, for the motion of satellites around the
earth, the earth is taken as the fixed centre of force. The motion of electrons about the nucleus
in an atom is also governed by the central force.
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A central force is expressed as:

[~

- A A
F(r)=r fr)ir= .

where f(r)is a scalar function of distance r between the two interacting bodies and r is the
unit vector along the line joining them. The function f(r)< Omeans force is attractive, whereas
f(r)>0means force is repulsive.
Gravitational, electrostatic, elastic force etc. are some examples of central forces. Such forces
are position-dependent forces. This means that their value depends only upon the
instantaneous position of the particle with respect to the fixed centre and on nothing else.
Important characteristics of central forces are as follows :

(i) A central force is always conservative.

(ii) Angular momentum of the body remains conserved in central force motion i.e, angular

momentum is a constant of motion.

_)
d]

_)
(ili) The torgue acting on a body| =d— is zero in central force motion.
t

(iv) The central force motion lies in a plane.

Q.2. For a particle moving under central force prove that the angular
momentum is conserved.

Ans, Constancy of Angular Momentum under a Central Force : Consider a particle

subjected to a central force given by

-3 A
F=r f(r) «{1]
The torque acting on the particle is given by

- 2 = 2 A -
t=rxF=1xrf(r)=|rx

[~

fir)

r

al
a1
~d
I
[=]

or =0

Thus if 7 be the angular momentum of the particle, then

aj >
ad _ T =0
di
_>
or J =constant

Thus when a particle moves under the action of a central force, the angular momentum
relative to the centre of force is a constant of motion.

The earth’s angular momentum relative to the sun is a constant of motion. Similarly, in
hydrogen atom, the angular momentum of the electron relative to the nucleus is constant.
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Q.3. Define gravitational field and potential.

Ans. Gravitational Field and Potential

Gravitational Field : The area surrounding a body within which other bodies experience its
gravitational force, is called its gravitational field. The gravitational force acting on unit mass
placed at a distance r from this body gives the intensity (or strength) E of the gravitational
field at that point. Thus,

__(GMm/r?)+
m

1
3 | ml

GM"

r2

where M =mass of the body whose gravitational field is considered,

and m=mass (negligibly small) of test body placed at that point
A -
r =unit vector along r.

Gravitational Potential : Gravitational potential Vat a point distant rin the gravitational field

of a body of mass M is equal to the work done in moving a unit mass from infinity to that point

ie, [ e _I( ]d __G:VI

This is also the potential energy of a body of unit mass placed at a distance r away from the
body of mass M. Thus gravitational potential is equal to the potential energy of unit mass atthe
same point.

It has been assumed that at infinity both the gravitational force and gravitational potential are
ZEro.

Gravitational potential energy of mass m placed at a distance r from the body of mass M will be

GMm
U=mV =-
”

hﬁ¢

or

ol

Q.4. What are Kepler’s laws of planetary motion?
Ans. Kepler’s Laws of Planetary Motion
The celestial bodies revolving around the sun in their definite orbits
are called planets. Kepler gave the following three laws that govern
the motion of the planets around the sun.
1. The Law of Elliptical Orbits : All planets move in elliptical
orbits having the sun as one focus. B i
2. The Law of Areas : The radius vector of the planet relativeto T Orbit of planet
the sun sweeps out equal areas in equal times ie, the areal Fig.
velocity of the radius vector is constant.
3. The Law of Periods : The square of the period of revolution (T) of any planet around
the sun is proportional to the cube of the semi-major axis (=a)of the elliptical orbitie,
72 cq? Qar T? =Ka®
where K is constant of proportionality.
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To understand Kepler's second law consider fig. 1 in which sun §is at one focus of the elliptical
orbit of the planet. Let the planet takes equal time in moving from A to B or from Cto D or from
E to F. Then Kepler's second law means that the three areas SAB or SCD or SEF are equal. Thus
the areal velocity (i.e, area swept by radius vector per unit time) of the radius vector joining
the planet to the sun is constant.

Q.5. Write short note on orbital speed of the satellite.

Ans. Orbital Speed of the Satellite e ,;IN
\ / satellite

Let a satellite of mass m is revolving round the earth in a circular

orbit of radius r with a speed v as shown in fig. The gravitational

attraction of the earth provides the necessary centripetal force for earthi )
the satellite for this motion. Since mass of the earth, M>>m, \ /
therefore earth is taken to the stationary. “}’lg_

2
M N (1)
r rz

or U= GM, r=R+h -.(2)
V(R+h)

If g be acceleration due tec gravity, then GM = ng, therefore
v=R |9 -(3)
(R+h)
If h<< R, then (3) becomes v = \/gR.

Equation (1), (2} and (3) give the expressions for orbital speed of a satellite.
From equation (1), it is clear that

vo—
b

Therefore the speed of the satellite increases when satellites jumps to the orbit of smaller
radius and its speed decreases when it jumps to the orbit of greater radius.

Q.6. Calculate the escape velocity from the moon. Given that : mass of moon
=7.4x10%2 kg, radius of the moon =1740 km.

Sol. The escape velocity is given by

26M
V=,
R

Mass of moon, M =74 x10%2 kg
Radius of the moon, R=1740km =174x10% m
oo 2% 667x10711 x 74 x10%
174 x10°

or v =24 km/sec

=2400m/s
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This escape velocity is so small that most of the gas molecules have their rms speeds greater
than this and hence escaped from moon’s gravitational field. This is why there is no
atmosphere around the moon.

(Q.7. What do you understand by escape velocity?

Ans. Escape Velocity

The minimum initial velocity with which a particle must be projected upward so as to escape
from the earth’s gravitational field forever, is called the escape velocity.

The gravitational potential energy of a particle of mass m on the surface of the earth is given by

where M and R are the mass and radius of the earth respectively.

The amount of work required against the gravitational force to move the particle from the

surface of the earth to infinity would be GA;m. Thus if the kinetic energy of the particle being

projected upward is greater than this amount, then it will never return to the earth (provided
the resistance of the earth’s atmosphere is neglected). Thus the minimum velocity v, (and

minimum KE = ;mvi) above which escape is possible, is given by

1 2 GMm
M =
2 R
2GM
or Ve =, o (1)
Since, GM =gR2,therefore vV, =42gR w(2)

It is independent of the particle being projected.
For the earth : g =98 m/s? and R=64x10% m

Ve =y2x98x64x10% m/s =112x103 m/s

or v, =112 km/sec.

The escape velocity will be different for different planets. Since the root mean square (rms)
speed of hydrogen molecules in the earth’s atmosphere is greater than the escape velocity,
therefore the hydrogen gas has escaped from the earth’s atmosphere. The escape speed for
the sun is much greater than the rms speed of hydrogen molecules, so none of hydrogen can
escape from the surface of the sun. The escape velocity for the moon is so small that almost
every gas can escape from it Thus there is no atmosphere at the moon.

Q.8. What is geo-stationary satellite?

Ans. Geo-stationary Satellites

Satellites used for communication purposes such as INSAT, transmit signals over long
distances. They receive these signals from one point on earth’s surface and then reflect them
to another point. To send signals at a particular place (target), the satellite must remain
stationary at a point above the earth.

The earth rotates about its own axis from west to east with a time period of 24 hours. Thus a
satellite would appear stationary over a point on earth’s equator if (i) its orbit is equatorial
and circular, and (ii) its period of revolution is 24 hours. Then the revolution of the satellite
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would be synchronous with earth’s rotation. Such a satellite is known as “Geo-stationary”
satellite and the orbit in which it revolves around the earth is called geo-stationary orbit.

A geo-stationary orbit is a special case of geo-synchronous orbit. Thus a geo-stationary orbit is
a circular geo-synchronous orbit in earth’s equatorial plane.

The period of revolution for a satellite about earth is

3/2
r=2r (R+A)T" (1)
RVg
Clearly T increases with increase in the height h of the satellite above earth.

For Geo-stationary satellite :
T =24 hours =24 x 60 x 60 sec =86400 sec

R =Radius of earth =64 x10° m

g=98m/s?
Substituting these values in equation (1), we get

h=36,000 km
Thus for a satellite to be geo-stationary, its orbit must be equatorial and should lie at a height
of approximately 36,000 km above the earth’s surface.
The advantage of geo-stationary satellites is that receiving and transmitting antennas on the
earth do not need to track them. These satellites provide high temporal resolution data. Their

disadvantages are :
1. High altitude orbit which results in the delay of radio signals, and

2. Incomplete geographical coverage.
Some of their applications are :

1. In communications

2. Television broadcasting

3. Weather forecasting

4. In defense and intelligence.

Q.9. A satellite is in a circular orbit around the earth. Find the minimum
additional energy needed by the satellite to escape from the earth’s
gravitational field.

Sol. The kinetic energy of the satellite of mass m in the circular orbit is given by

K =%mv% (1)
where v is the orbital speed of the satellite.
The energy needed by the satellite to escape from earth’s gravitational field is %mv%, where

v is the escape velocity. Therefore the additional energy re?uired is
2

:;mvg —;mv% :;m(ﬁvo)z _Emvo v, :‘/Evo

=%m [Z‘U% —v%)=%mv% =K

Thus the kinetic energy of the satellite must be suddenly doubled for its escape.
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(Q.10. Write short note on global positioning system {GPS).

Ans. Global Positioning System (GPS)

Global positioning system (GPS] is a satellite-based radio navigation system used for locating

objects in real-time. It is a system consisting of 24 satellites constantly orbiting around the

earth in six different approximately circular orbits, each consisting of four satellites. GPS is

owned and managed by United States (US) government but provides access to anyone

free-of-cost. It provides geo-location and information about time and velocity to a GPS

receiver placed near or on the earth lying in the view of four or more satellites at a time. This

information about a GPS receiver is based on data received by it from multiple GPS satellites.

If the GPS receiver is in the field of view of three GPS satellites, then the latitude and longitude

information can be obtained about it. But if the GPS receiver is in the view field of four

satellities, then the altitude can also be determined in addition to latitude and longitude. The

GPS does not need any communication device or internet connectivity, however the

additional availability of these components enhance usefulness of GPS. It became fully

operational in 1993. GPS finds applications in diverse fields such as farming, construction,

mining, surveying, logistic supply chain etc.

GPS satellites revolve in the orbits lying at an altitude of 20,000 km above the earth and have

orbital speeds about 14000 km/h. Its advantages include :

=0 freely available everywhere on the globe and easy to use.

=0 provides location-based information which is quite useful in tracking vehicles, locating
desired destinations etc.

Some disadvantages associated with GPS are :

=0 GPS services can’t be availed indoors or under water or in underground stores etc.

=0 Effects of multipath, electromagnetic interference, atmosphere etc. on GPS signal lead to
an error of about 5 to 10 m in location determination.

TG Ed LONG ANSWER TYPE VIS5 {ID)

Q.1. Show that a two particle problem under central force can always be
reduced to equivalent one particle problem. What is reduced mass?

Ans. Two-Particle Central Force Problem
Two-particle central force problem can always be reduced to an __, 7o
equivalent one-particle problem. To prove this, let us consider two m, L m&
particles of masses my and m, whose position vectors with respect to an %
- -

arbitrary origin O in an inertial reference frame arery and r, respectively T, 4
(Fig.).

> 3 - o

r =ry-ry -{1) Fig.

The particles exert gravitational forces of attraction on each other which

- — —
act along the vector r and thus are central forces. Let F;, and F;{ be the forces acting on

particle my {due to m;) and m; (due to my) respectively. Then the equations of motion
(Newton'’s second law) for masses n; and m, with respect to origin O are respectively.
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a?r, F i?r, F
21 =" and ;2 =
dt My dt mz
Substracting these equations, we get
2> o> 2
d r _ d rp _L F

de2  dt? mg my

2_) -2 -
or M{ig%
de? my
—
or dzr_i
dt?
27 -
or b— =F
dt
where 1=i+i
p m m
- e i
m1+m2

147

-(2)

-(3)

is called the reduced mass of the two particles having masses m; and m;. Equation (2)

_)
represents the equation of motion of a single particle of mass u placed at a vector distance r

—
from the fixed centre (B) which exerts on it a central force F. Thus the original two-particle

- -
problem involving two vectorsr; andr, has been reduced to a one-particle problem involving

_)
a single vector r.

For the motion of moon about the earth, we take the earth as the fixed centre and the motion of
moon can be described by considering the motion of a body having mass equal to the reduced
mass for this system. Similarly, the motion of an electron in an atom about the nucleus is
equivalent to the motion of a body having mass equal to the reduced mass of the
electron-proton system, considering the proton as fixed centre. With regard to the reduced

mass, we note that :
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(i) It is lesser than either mass i.e, p<my and p<m,.
mqms; or 1 1 1

Since = =" 4=
my +my L om m

Lo L il g b

nom pom

ie., p<my and p<ms.

(ii) For a given total mass, the reduced mass of a two-particle system is maximum when the

two masses are equal.
mm; my iy

my +mz

\/[ml —mny ]2 +4m1m2
For p to be maximum, the denominator should be minimum for which we must have

my —mp =0
or my =m, =m (say)
mm m
Then u'l)max = e
m+m 2

(iii) If there is a great difference between the masses of two particles, then the reduced mass is
nearly equal to the smaller mass. To show this, let my <m;,

mym m
then p= 172 - ! or pRmg
my +m m
170 [ 1+7L
L)
m
because 1+°1 21 W my <<my

iz

Reduced Mass : When two bodies in relative motion are acted upon by a central force
involving Newton’s law then the system can be replaced by a single mass called the reduced
mass. Example : A light spring of force constant X is held between two blocks of massesmand
2m. It is represent by L.

Uy
—_— + —t
my dilp

where, p =reduced mass, m; =mass of the 1st body, m; =mass of the 2nd body.

Q.2. State and explain the Newton'’s law of universal gravitation. Discuss its
limitations.

Ans. Newton’s Law of Universal Gravitation

Newton in 1686 gave a universal law of force acting between any two material particles. The

law may be stated as, “Every two material particles of universe attract each other with a force

that is proportional to the product of their masses and inversely proportional to the square of

distance between them.”

If the particles of masses m; and m, are at a distance r from each other, then the magnitude of

force of attraction between them is
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F L]
2
or F= Gy g (1)
rZ

where the constant of proportionality G, is called the universal gravitational constant.
Now from equation (1)
G = Fr
mq -ny

thus if m; =my =1kg,r =1 m, thenG=F.

Thus the gravitational constant G is numerically equal to the force of attraction between two
particles each of mass 1 kg and at a distance 1 m from each other. The dimensions of G may be
obtained as follows :

[G]=[MLT'2] [1*]
[M] [M]
Its value in SI system is 6.67 x 10711 Nm? /kgz. We may note that :
(i) The gravitational constant G is same everywhere and its value is independent of
temperature, pressure or nature of bodies.
(ii) In our daily life we do not experience observable gravitational force due to extremely
small value of G. However, due to their greater masses, celestial bodies (e.g., earth, sun,
moon etc.) experience appreciable gravitational force between them. The gravitational

force supplies the necessary centripetal force for planets and satellites to move in
circular orbits.

(ili) The Newton’s law of gravitation holds only for point masses. However it may be
applied to actual bodies whose dimensions are negligible as compared to their
separation. At very short distances between particles (< 10 A), cohesive and adhesive
forces come into play and restrict the applicability of this law.

With regard to gravitational forces between two particles we note that :
(i) these forces are always attractive (F is negative}

(i) are central forces ie, act along the line joining them
(iii) form action-reaction pairs, and
(iv) are independent of the medium between the particles.

ol e ® I3
Vector form of Newton's Law T By
We consider two particles of massesm; andm, asshowninfig. 1.The =
- I1p
displacement vector ry, point from the particle of mass m; to the .
- .
- I
particle of mass m; and ry; that in the reverse direction. The ngl_
gravitational force on particle m; due tomq is
—> mm -
F21 =—G 172 1o (1)

3
a2
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= = % n ] _) = = )
Here ry, is the magnitude of ry; and the negative sign shows that F;; is in the opposite
-

; . > P ; AP £ 1,
direction of ry;. If r be the unit vector alongry, i.e.,r =—=, then
9

r12
N -
mms | I mqims »
Foy =—G% B e i % .2
rip |72 1z
The force exerted on m; due to m; is, therefore,
_)
= mm,; = mymy | r
Fj; =—G—12 =_(;_12 2|21
ris 1 21
- mqm A
or Fjy =—6G L2 (-r) -(3)

ra

- - - -
because ry; =—ry; but|ryq|=|rq2].

From (2) and (3), we observe that

— -
Fip =—Fp

i.e., both particles experience equal but opposite forces.

Limitations of Newtons Law
Newton’s description of gravity is sufficiently accurate for many practical purposes and is

therefore widely used. Deviations from it are small when the dimensionless quantities :i)/c2

and [v/r.')2 are both much less than one, where ¢ is the gravitational potential, v is the velocity

of the objects being studied, and c is the speed of light in vacuum. For example, Newtonian
gravity provides an accurate description of the Earth/Sun system, since

% - GM sun B 10—8, (anrth Jz =(2nrorbit )2 Z 10—8
€ TobitC ¢ (A yr)c

where rg,;; is the radius of the Earth’s orbit around the Sun.

In situations where either dimensionless parameter is large, then general relativity must be

used to describe the system. General relativity reduces to Newtonian gravity in the limit of

small potential and low velocities, so Newton’s law of gravitation is often said to be the

low-gravity limit of general relativity.

Q.3. Obtain expressions for gravitational potential due to a spherical shell at

(i) outside the sphere, (ii) on the surface, and (iii) inside the shell. Also
find gravitational field at these points.
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Ans. Gravitational Potential and Field due to a Spherical Shell
These can be discussed as follows :

1. Gravitational Potential
We will find expressions for gravitational potential at the
surface, inside and outside points of the spherical shell.
(i) Outside the shell : We have to find gravitational
potential at point M which is at a distance r away from the
centre of the shell whose mass per unit surface area isc and
radius is R.
Consider a ring shaped element PQRS of the shell. Radius of the elementary ring,
RN =ROsin@ =Rsin0
Its circumference =2x (Rsin8)

width of the ring, PR = RdO
Mass of the ring = (area) xo = (ZTIZRZ sin0do)c
Every point of this ring is at a distance x from observation point M. Thus potential at M due to
this elementary ring PQRS, is
qV =— G (massof ring) __ G [Znch sin 0 d0)
X b'g
In the AORM, x2 =R? +r% —2r Rcos®
: 2x dx =-2r R(-sin 0 d0) r & R are constants
r Rsin 0 d0
X=—r——
dx
Putting this value of x in egn. (1), we get
2nR%G o'sin 6 d6 21 RoG
dx =— dx
r Rsin 6 do r
Min. value of x =MC =r — R; Maximum value of x=MD=r +R
.. Gravitational potential at M due to the whole shell

_gr+R __Z‘ERGG r+R __ZTERGO' r+R
V—J:_RdV— e )

ATR’6)G _ GM
_C )G __GM -(2)
' r

where M =(411:R2]0, is the mass of the spherical shell. Thus for outside points, the shell
behaves as if its total mass is concentrated at its centre 0.
(ii) On the surface of the shell : Let the point M be situated at the surface of the shell (e. g.,atC).
Then x varies from MC =0 to MD =2R. Hence,

V= ZRdV __ 2nRGo ZRdx __ 2nRGo

0 r r

_(4nR*c)G __GM __GM

=TS 2 (- r=R) .(3)

Fig. 1

(1)

or

dv =-

V=

[x]3®
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Again the shell behaves as if its total mass is concentrated at the centre O.
(iii) Inside the shell : Consider now the point Mlies inside the spherical shell (Fig. 2). Then

dv __ 2nRoG - -
r 1
2
v =[5 gy = 2ROG (R4T 4 o amRog = (TR G)G D ¢
R—r r R-r R .
V=—@ w(4) Q
R Fig. 2

Thus potential due to the shell at an inside point is the same everywhere and is equal to the
value at the surface.

2. Gravitational Field

(i) At an outside point: For r>R V=- L
. Intensity of gravitational field, E -V —ir — i
dr dr r

or Eaf it (5)

r? r2
The shell behaves as if its total mass is concentrated at its centre.
(ii) On the surface of shell : Forr=R, V= . =— M

R ' Jr=Rr
_dv__df (e | oM @
dr dr r Je_gr R?

Which is constant everywhere on the surface of the shell.

(iii) Inside the shell : For r < R, we have seen that gravitational potential is constant every
where inside the shelli.e., its value is independent of r. Hence,

Thus gravitational field strength at all points inside the shell is zero.
A sharp discontinuity exists in the gravitational field intensity at the surface of the shell. On
the inner surface its value is zero whereas on the outer surface its value is —GM/R?,

v =_GM (b) Gravitational Field
R

(a) Gravitational Potential
Fig. 3 : Gravitational Potential and Field due to a spherical shell
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Q.4. State and explain the deduction of Kepler’s laws from Newton's laws of
gravitation.
Ans. Deduction of Kepler’s Laws from
Newton’s Law or Gravitation
We consider a planet of mass m moving in the gravitational field of the A&-17% &

sun. The gravitational force (attractive) between the planet and the sun is 2
given by Newton’s law as :
Y A
F=_GMm, (1)
r2

where M is the mass of the sun and r is the distance of the planet from
the sun.

Deduction of Second law

_)
The gravitational force is a central force [F oclz} Hence the angular momentum j of the
r

planet relative to the sun is conserved in magnitude and direction. Consequently, the motion
of the planet must take place in a fixed plane and the areal velocity of its radius vector must be
constant as seen below.

_>
Let the planet moves from Pto Qin time interval AT (Fig. 1). The vector area A A swept by the
radius vector in time interval At is given by

—3
A A =area SPQ

1—) - . . b 4
=Er xAr (" Arc PQ=straight line PQ=Ar)
- " —
Then Ad_12 Ar
At 2 At
— - -
. AA . 1> Ar 1 . Ar
or lim ——=1lim “rx=——="rx| lim ——
At—>0 At At—02 At 2 At—=0 At
— — —
dA 12 dr 12 2 dr 32
or —_—=_rix——=_rxV =V
dt 2 dt 2 dt
- - 3 -
_rxmV _rxp
2m 2m
dA_J -
or —=L=constant ..(2), as J is constant.
dt m

This proves that the areal velocity of the radius vector is constant in planetary motion. This is
Kepler's second law.
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Deduction of First Law

The magnitude of areal velocity is
. i h

dt  2m 7( )
where h is a constant.

Also J=ln= mr? a8
dt
h_1(p2d®
2 2m dt

or h=r?% do

dt

The radial force on the planet = mass x radial acceleration.

2
Fem d'r d(-)
de? dt
This is same as the gravitational force between sun and planet given by

F=_GMm

r2

Equation (6) and (7), we obtain

d‘zr_r(dej __GM

r

Letusputr=1,sothat dr__1du_ 1.dudd
u

dt yl dt yZ do dt
1 du

=—— " (hu
7 do (hu?)
dr __pdu
dt do
2 2 2
Differentiating again, we get ET -h—— o —h%u? g
dt? de? dt do?

Putting various values in equation (8), we get
it T _p23 a2
d6?

d%u ( GM)
or —2+ u———1|=0

(3)

(4)

-(5)

..(6)

(7

(8)

.(9)
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Since % is a constant, we may write

h
dz( GMJ ( mu)
— |u—— |+ u—-——"-1|=0
do? h? h2

2
or d_y+y=0 ."(10); y=u_G_M
d0? K

The solution of differential equation (10) is of the form

J’="—%=A0059, Ais a constant

h
or u= o +AcosO
X

or L +Acos0

ro 2

Dividing throughout by % , we get
h

2 2
iy oM =1+h AcosB «(11)
GM

r

This equation is of the form d =1+ecosO .(12)
¥
2

: ; ! iy h“A . .
which represents a conic section of ecentricitye = Fr and semilatus-rectum[ = h? /GM. Since

the orbit of the planet around the sun must be a closed one (i.e., the planet do not escape from
2 GMm

sun’s gravitational field), the total energy of the planet E = ;mv - should be negative.
r
2
Since, e=_/1+ il
M%G?

It may be seen that E is negative only whene<1.
Now for e< 1, conic section represented by equation (12) will be an ellipse. Hence the orbit of
the planet around the sun is an ellipse. This is Kepler's first law.

Deduction of Third Law
If a and b be the semi-major and semi-minor axes of the ellipse, then
2 2
pbt (13)
a GM

If T be the period of revolution of the planet around the sun, then
_areaofellipse nab

T =
area velocity h/2
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. 72 =4n2a2b2 =4-1t2a2b2
h? GMb? Ja
=41t2 3
GM
or T2 m:or.3

This is Kepler’s third law.

Q.5. What are satellites? Discuss the mechanism of launching of artificial
satellites.

Ans. Satellites

There are certain heavenly bodies which revolve round the planets. These bodies are called

natural satellites. For example, moon revolves round the earth. Thus moon is a natural

satellite of earth. Similarly, other planets have various satellites revolving around them.

Ganymade (the largest and most massive of the moons]) is a planet of Jupiter.

Now a days it is possible to put certain man-made objects into stable orbits around the earth

for some specific purposes. Such objects are called artificial satellites of the earth. Indian

National Satellites (INSATS), Aryabhatta, Rohini, Metset, GSAT-30 etc. are some of the

artificial satellites launched by India.

Launching of Artificial Satellites
Artificial satellites are launched with the help of
multi-stage rockets. Places on earth near the
equator are best suited for the launching of
satellites due to lesser gravitational attraction in
these regions. The satellite is placed upon the
rocket which is launched from the earth. After the
rocket reaches its maximum vertical height h, a
special mechanism provides a thrust to the
satellite at point P (fig. 1). This gives a horizontal Fig. 1
velocity v to the satellite.

The total energy of the satellite at point P is
E =KE +PE=%mv2 Lo (1), r=R+h
r
where m is the mass of the satellite and M and R are the mass and radius of the earth. The
shape of the orbit of the satellite round the earth depends upon the total energy of the satellite

as follows :

E >0 (Hyperbola)
E =0 Parabola)
E <0 (Ellipse)

E =0 parabolic
E < 0 ellipse

E > 0 hyperbola
In every case, the centre of the earth is one focus of the orbit. For small negative energy values,
the elliptical orbit will intersect the earth (curve (1)) and the satellite will fall back on the
earth. For other energy values the satellite will continue to move in a closed orbit, or will
escape for the earth’s gravitational field depending on the values of v and r.
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A satellite which is launched horizontally with a speed of 8 km/s Fastest

such that h<< R will be bent into a circular orbit by the earth'’s . -
@ /Sate]hte s

gravitational attraction. However, if it is launched horizontally o

with a speed v< 8 km/s, then it will fall back on the earth. Thus
8 km/s is the critical (minimum) speed for the satellite to move
in a closed orbit.

The satellite follows an elliptical path (£ < 0)around the earth if
it is launched horizontally with a speed that is greater than
8 km/s but less than 11 km/s. In the elliptical path the speed of Slowest

the satellite varies continuously. Its speed is maximum at the Fig.2

nearest point to the earth and minimum at the farthest point as

shown in fig. 2. The nearest point is known as perihelion whereas the farthest point is called
aphelion.

For speeds greater than 11 km/s, the energy of satellite as given by equation (1) will become
positive and the satellite is no longer bound to the earth. It escapes from the earth’s
gravitational field following a hyperbolic path. When satellite is in a circular orbit of radius r,
then

Speeding up

slowing
down

mv?  GMm 1 2 &GMm
= = —my° =

r r2 2 2r
E_GMm _GMm _ GMm
2r r 2r

Q.6. Asatellite of mass m is going round the earth (mass M,) in a circular orbit
of radius R,. Write down its angular momentum J about the centre of its
orbit and express its total energy E in terms of its angular momentum.

Sol. Angular momentum of a satellite of mass m about the centre of its orbit is given by

> - -
J=rxmuv

_’ =
or | J|=J=mvrsinf

- =
If the satellite is moving in a circular orbit (r L v ) then, 8 =90°

sin@ =1

Hence J=mur
2
Also i =leiem
r r2

my’r =GM em
or m2v?r? =GMem2r
or J=mur =[GMe,mzr]1/2

Given that radius of orbitr = R,, therefore required angular momentum
J =(GM, -m?*R,)'/? (1)
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Kinetic energy of the satellite, K =%mv2
and J? =m?y?r? =;mv2(2mr2)=K x 2mr?
2
K= / 2]
2mr?
Also potential energy, U=- GM
r
Since GM,m _mv? GM,m 3
re r r
=—mv?
Now ]2 =m?v?r? =—m? (—mr2)=—mr2U
2
Fmrd (3)
mr?
D A i
.. Total energy of the satellite E=K+U= - =—
2mr?  mr? 2mr?
]2
Since, r =R,, therefore E=- (4]
2mR>

is the required relation between total energy and angular momentum.
Q.7. Show that for a satellite :

2 (R+ h)*/2

R(g

(i) Period of revolution, T =

(ii) Total energy, E'=— G‘M’Tm
Sol. (i) Period of Revolution of a Satellite : The time taken by the satellite to complete one

round about the earth (planet) is called its period of revolution. Let it be denoted by T. Then
T= circumference of the circular orbit

orbital speed
_2nr _2n(R+h)
v v ’
2n (R+h)

RJg /(R+h)
_2n (R+hy*"

RVg

* r=R+h

or T
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The period of revolution of a satellite increases with increase in the radius of the orbit.
(ii) Energy of a Satellite : Let a satellite of mass m is revolving around the earth in a circular
orbit of radius r. Then potential energy of the system will be

U(r)=U(w) - Wy,
whereU()is the potential energy of the satellite when it is at infinite distance away from the
earth and W,,, is the work done by the gravitational force to move the satellite from infinity to
a distance r. The earth being much heavier than satellite, is assumed to be at rest (v =0). Since
U(e) can be taken to be zero, therefore

U(r)=—W,, =— J” F(r)dr (1)
[> a}
But gravitational force of the earth on satellite at a distance r from earth is
F(r) =—me, M =mass of earth
r
r GMm GMm
Ulr) =- L, . dr =- : il
So the potential energy of the satellite is negative.
Kinetic energy of the system = KE of earth + KE of the satellite
K=0+ 1 my?
where v is the orbital speed of the satellite.
my? _GMm
r re
or K =1mvz L (3]
2r
The kinetic energy is always positive. The total energy of the system is
E=K+U=GMm _GMm
2r r
or pu BT -(4)
2r

Thus the total energy is constant and negative. The negative energy signifies that the satellite
is always bound to the earth by the gravitational attraction and moves in a closed orbit. Even
in the elliptical orbits in which rand v vary, the total energy is constant and negative although
KE and PE may vary individually.

Q
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Wave Motion
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Q.1. Define periodic motion.

Ans. Periodic Motion : Any motion of a system that is continuously and identically
repeated. The time T that it takes to complete one cycle of an oscillation or wave motion is
called the period, which is the reciprocal of the frequency. e.g., pendulum, simple harmonic
motion.

Q.2. What is meant by amplitude?

Ans. Amplitude : The maximum displacement or distance moved by a point on a vibrating
body or move measured from its equilibrium position. It is equal to one-half the length of the
vibration path. The amplitude of a pendulum is thus one-half the distance that the bob
traverse in moving from on side to the other. Waves are generated by vibrating sources, their
amplitude being proportional to the amplitude being proportional to the amplitude of the
source.

Q.3. What do you mean by restoring force?

Ans. Therestoring force is a force which acts to bring a body to its equilibrium position. The
restoring force is a function only of position of the mass or particle and it is always directed
back toward the equilibrium position of the system. The restoring force is often referred to in
simple harmonic motion.

Q.4. Write very short note on simple harmonic motion.

Ans. Simple harmonic motion : Repetitive movement back and forth through an
equilibrium or central position, so that the maximum displacement on one side of this position
is equal to the maximum displacement on the other side. The time interval of each complete
vibration is the same.

Q.5. What are damped oscillations?

Ans. The effect of radiation by an oscillating system and of the friction present in the system
is that amplitude of oscillations gradually diminishes with time. The reduction in amplitude
(or energy) of an oscillator is called damping and the oscillation are said to be damped.

Q.6. Define velocity resonance. What is the difference between amplitude and
velocity resonance?

Ans, Velocity resonance : This is the phase difference at which maximum energy is

transferred from the applied oscillator to the resonating oscillator.

The difference is that in case of amplitude resonance the energy of the forced vibration may

not be maximum but in case of velocity resonance the energy is always maximum.
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Q.7. Write about logarithemic decrement in brief.

Ans. The logarithmic decrement represents the rate at which the amplitude of a free
damped vibration decrease. It is defined as the natural logarithm of the ratio of any two
successive amplitudes. It is found from the time response of underdamped vibration
(oscilloscope or real time analyzer).

Q.8. What is meant by wave motion?

Ans, Wave motion (propagation of disturbance), that is deviations from a state of rest or
equilibrium from place to place in a regular and organised way. Most familiar are surface
waves on water, but both sound and light travel as wave like disturbances and the motion of
all subatomic particle exhibits wave like properties.

Q.9. What is phase velocity and wave velocity?

Ans. Waves can be in the group and such groups are called wave packets, so the velocity
with a wave packet travels is called group velocity. The velocity with the phase of a wave
travels is called phase velocity. The relation between group velocity and velocity are
proportionate.

Q.10. What do you understand by intensity of wave.

Ans. Intensityis defined to be the power per unit are a carried by awave. Poweris the rate at
which energy is transferred by the wave. In equation form, intensity ! is I'= PA.

Where, P is the power through an area A.

Eq o]0 SHORT ANSWER TYPE [o]V/Z5 (]

Q.1. What is compound pendulum? Explain it with equation.
Ans. Compound Pendulum : A rigid body capable of oscillating freely
in a vertical plane about a horizontal axis passing through it is called a
compound pendulum. The centre of suspensicn of the pendulum is the
point in which the axis of rotation meets the vertical plane through the
centre of gravity of pendulum.
Fig. 1 represents the vertical section of a rigid body capable of oscillations
about a horizontal axis through the centre of suspension M. Let G be the
centre of gravity of the body with MG =L.
Now, if the body is displaced through an angle 6, its centre of gravity
moves to G’ and body starts oscillating. The weight (mg) of the body and
its reaction at the support constitute a couple, given by
€C=-mg(G'A)=—mg Lsin 0

This is the restoring couple as it tends to bring the displaced body to its original position. If I be
2

the moment of inertia of the body about the horizontal axis through M, then the couple is J %
dt

Therefore,
2

lﬂ =—mgLsinB
dt?
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2
48 SR gLsin@=0
di? I

2
dg(m}qL)B =0 [ sin =0 if @ is small]
dt

2
40 | 20 -0 (1)
dt?

where @= ‘/m‘;ﬂ‘, is the angular frequency of oscillations. Equation (1) represents that the

pendulum is executing a SHM, whose periodic time is

L R I -(2)
(0] mgL
Solution of eqn. (1) is 0 =04 sin (ot +9¢) -(3)

1f 1, be the M. of the body about a parallel axis passing through its centre of gravity, then from
the theorem of parallel axes
=1, +ml’?

or 1’=mK2 +mL2

where K is the radius of gyration of the body about a parallel axis passing
through the centre of gravity.

2 2 2
T=2n MK *L) o (K+LJ/9
mgL L

Thus period of oscillation is same as that of a simple pendulum of length

2
[KL - LJ This length is called the length of an equivalent simple pendulum.

2
If we take a point ‘0’ on the line MG produced such that MO =[KL + LJ then

point Ois called the centre of oscillation.

Q.2. Define the following : (i) Relaxation time, (ii) Quality factor of a damped
oscillator.

Ans. (i) Relaxation Time

The time after which the total energy of the damped harmonic oscillator remains (1/e] times

itsinitial value is called relaxation time. Now at any time ¢, the total energy of the oscillator is
—2rt
E= Ege
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If T is the relaxation time, then
_Ey
L =—0
e
or E'oe_z"'t =1 Eq

or e =e

1
or T=—"
2r

(ii) Quality Factor of a Damped Oscillator

The quality factor is given by
Energy stored in the oscillator

Q=2mn-
Energy dissipated in one time period
s B
PT
where P is the average loss of energy over a period =E/t
Since Q=21'|:-#=E
2rfE -(2n/w) 2r
1
or =®T R et
¢ 2r

where 7 is the relaxation time.
Q.3. Explain the velocity of forced harmonic oscillator.

Ans. Velocity of Forced Harmonic Oscillator
The displacement of forced harmonic oscillator is :
x= Jo sin (pt —4) (1)

[(@F ~p*)* +4r?p?1/2
Therefore, the velocity of the oscillator is given by

dx fo
V=—= -pcos(pt —4)
@ [(of -p*) +4r?p?1/

fop - [ m }
or U= sin| (pt —0)+—
[(@F -p?) +4r’p 1/ 2
or v=v,sin [(pt ~4) +ﬂ -(2)
where, vo fop ..(3), is the velocity amplitude.

[(0} —p? ) +4r?p?]M/?
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From equation (2), it is clear that velocity leads the displacement (or driving force) by %

Equation (3) may be written as

fo

z
2 2
[L) p ] +4r?

Vg = 172

P

For p = @y, the velocity amplitude is maximum at a particular frequency. This occurs when the

denominator in vy becomes minimum, for which

22
@ —p" |_,

P

or p=uy

Thus for every value for damping, the velocity amplitude is maximum when the frequency of
applied force is equal to the natural frequency of the oscillator. The phenomenon of velocity
becoming maximum, is known as “velocity resonance”.

Q.4. The energy of a damped harmonic oscillator is reduced to one-eight of its
original value in 25 seconds. Find the damping constant.
Sol. The energy of a dampled harmonic oscillator is given by
E=Ege 4 =Eye /"
where Ej is the initial value of energy, 7 is relaxation time and E is the energy remained after
time t.

Given, E =Ey/8att =25 seconds
Eq =Eg€_25/1 = 1 _g~25/
8
or 25 _1og, 8=2310gy, 8=23log o 2°
T
=691ogqp2=69%03010
2—5 =2.0769
T
or T = 25 =1204 s
20769

Thus, relaxation time will be 12.04 s.

Q.5. Deduce the differential equation of wave motion.
Ans. Differential Equation of Wave Motion
Equation of motion of a particle at a distance x from the origin is given by

y=a sinzf(vt -Xx) (1)

wheregq is amplitude, ythe displacement of particle at any timet and v is the velocity of wave.
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Differentiating equation (1) with respect to t, keeping x constant, we get the velocity of the
particle

dy 2nva 2n
=~=—_cos—(vt—-x I
= a8 - ( ) (2)
Differentiating again with respect to t, the acceleration of the particle
2 2
f =d == yz a sm — (vt x) (3]
dt? A
Differentiating equation (1) with respect to x, the strain is given by
dy -2ma 2n
== cos — (vt —x (4
Ay Y C ) (4)

Differentiating equation (4) with respect to x, the rate of change of strain with distance is
given by

2 2
dy__4="a sinz—n(vt—x) -(5)
dx? 22 A
Now, from equation (2) and (4), we get
&__, v
dt dx
or U=-v L4 ..[6)
dx
ie., Particle velocity =— Wave velocity x Slope of displacement curve
Now, comparing (3) and (5), we get
2 2
ay_ 24y (7
dt? dx?

This is the differential equation of wave motion.

Q.6. Write short note on transverse vibrations of a stretched string.
Ans. Transverse Vibrations of a Stretched String
Let a string be stretched between points 4 and B with a tension T. If the string is slightly

displaced to one side of the centre and then released, it starts to

vibrate at right angles to its length (Fig.).

Let us take the x-axis along the direction of the undisplaced

spring AB and the y-axis in the direction of displacement of the T
particles at right angles to AB. Let PQ be a small element of the p QA0+50
string of the length 8x at a distance x from 0. T}?’—_

Let P'Q be the displaced position of the element at any time ¢, g 5 —x
with a displacement y. Since the string is perfectly flexible, the ;._x_q-ﬁxg

tension will be the same at each point of the string along the Fig,

tangent at that point.
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If 8 and (0 +56) be the inclination with x-axis of the tension acting at points P’ and @
respectively. Then we have

T, =T cos(0 +80)—T cosb

Ty, =Tsin (0 +30)—Tsin0
Since O and 86 are small,

cos (0 +88) =cos0,sin (0 +80) =0 +80 and sin 6 =0

T, =0andT, =T (6 +80)-T0 =T36
For small angles, 0=tan6
Hence resultant force along Y-axis

2
~75(tan0)=T5| 2 |=T 2 [ ¥ |sx =72 Vs
ox ox \ Ox a2

If m is the mass per unit length of the string then the mass of small element8x will beméx. If the

2
acceleration of this element at the displacement y be 6—; then according to Newton's
ot

second law of motion

2 2
mﬁx a_'y = a_y ax
8% ax?
or o'y _(T)2%y (1)
ot \m) gx?

This is the differential equation of a vibrating string. Comparing this equation with the
differential equation of a wave motion

2 2
aJ ='U2 aJ, we get
o2 ox?
p2=T
m

or U= [T) -(2)
m

This equation gives us the velocity of transverse waves moving along the string.
The differential equation for the vibrating string can always be satisfied by the general

soluticn y=f(t —fj +g[t +£].
v v

The first part represents a wave travelling towards the positive x-axis with speed v and the
second part represents a wave travelling toward the negative direction of x-axis.
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Q.7. Define the following : (i) Superposition of waves, (ii) stationary waves.
Ans. Superposition of Waves
Huygens, first proposed the principle of superposition, according to which if two or more

independent waves are propagated through a medium, all at the same time, the resultant
displacement at any point is the vector sum of the displacements due to each individual wave
ie,

y=y1ty2+yz +...
For the principle of superposition to apply, the equation of the waves must be alinear one. The
importance of the principle of superposition lies in the fact that in the case where it holds
good, it is possible to analyze a complicated wave motion into a set of simple waves.
Stationary Waves : The superposition of two waves of same period, wavelength and
amplitude travelling with same velocity in opposite directions gives rise to standing or
stationary waves.

Equation of Stationary Waves
The progressive wave of wavelength A and amplitude a travelling with velocity v along
positive x-axis is given by

(1)
where y; is the displacement of a particle at any time t at a distance x from the origin. The

reflected wave is travelling in opposite direction with same velocity v, therefore its equation is
given by

yq =asin ZT‘E (vt —x)

-(2)

The positive and negative signs are used if the boundary of the medium is free and rigid
respectively.

Y, =tasin Z;L_n (vt +x)

Q.8. Write the differences between progressive and stationary waves.
Ans. Differences between Progressive and Stationary Waves are as follows :

Progressive Waves

Stationary Waves

These forward waves travel in the
medium with a finite velocity.

All points of the medium vibrate with the
same amplitude.

The phase of vibration
continuously from point to point.

varies

No point is permanently at rest. However
each point is momentarily at rest at its
maximum displacement.

Different points cross their mean
positions in succession and have the
same velocity.

There is no advancement of the waves in either
direction.

The amplitude is zero at the node and maximum at
the antinode.

All points between any two consecutive nodes
vibrate in the same phase, but the phase suddenly
reverse at each node.

The nodes are permanently at rest. Other points are
momentarily at rest at their maximum
displacements.

All points reach the position of maximum
displacement simultaneously two-times in each
period.
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6. |All points cross their mean positions in
succession and have the same velocity.

7. | The pressure-variation being same at all

points of the medium, travels forward.

8. | There is flow of energy in the direction of
propagation of the wave.

All points cross their mean positions simultaneously
but with different velocities. Antinodes have
maximum velocity but nodes have zero velocity.
The pressure-variation is different at different
points. It is maximum at the nodes and minimum at
the antinodes. It does not move forward but occurs
simultaneously at all places.

There is no flow of energy acorss any plane.

Q9. A simple harmonic wave travelling along x-axis is given by
y=>5sin2n(0.2t -0.5x) meter. Calculate the amplitude, frequency,
wavelength, wave velocity, particle velocity and particle acceleration.

Sol. The given equation is

y=>5sin2x (02t -05x)m

—5sin2r[ £ - % |m (1)
5 2
The general equation of a simple harmonic wave is
. t x
=asinZg| - -= (2
y (T AJ (2)
Comparing equation (1) with (2), we get
amplitude of the wave,a =5m
period of the wave, T=5s
frequency of the wave, n=—=—=02 cycle/s
wavelength, . =2m
wave velocity, v=nrL=02x2=04m/s =40cm/s

Differentiating equation (1) w.r.t. time t, we get

. y 2r t x
article veloci =@=5x—c0521: ~——-= |m/s
P Y=o " s [5 2] /

=2r cos2n £.2 m/s
B 2

2

particle acceleration = aJ

ot

=—21tx2—nsin2n L m/s2
5 5 2

2
M LT (L m/s?
5 5 2
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(Q.10.What are Lissajou’s figures? Describe the composition of two mutually
perpendicular SHM of same frequency.

Ans. Lissajou’s Figures
When two simple harmonic motions at right angles to each other act on a particle
simultanecusly, the resultant path of the particle, in general be, a closed curve and is called a
Lissajous figure. The nature of the curve traced out depends on :

(i) component amplitudes,

(ii) ratio of frequencies or periods, and

(iii) relative phase of component motions.

Composition of two Mutually Capserpendicular SHM of same Frequency
Let us consider a particle acted on by two SHM’s of the same period or frequency and of
different amplitude and phase. Let one SHM is along x-axis and the other along y-axis. These
are:

x =a sin (ot +¢) wl 1]
and y=bsin ot N i74
wherea and b are respective amplitudes and ¢ is the phase difference between them. T = L is

®

the period of both the motions.
From equation (1), we have

Xy .
=~ =sinwt -cos¢ +coswt -sin ¢
a

2
or i=Zcos¢+ 1- sin¢
a b B2
x_y b
or ~—=cos¢=(|1-=— |sin¢
a b b2

or x—+y—cosz¢—Z—Aycosq):sinzd)—y—sinzq)
a? b ab b?
2

or X [cos2 i) +sin? $) Ly cos¢ =sin? ¢

a’ ab

2 2
or X—+y——2—‘wcos¢ =sin2¢ -(3)
a’? p¢ ab

This equation represents an oblique ellipse, which is the resultant path of the particle.
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Q.1. Write about springs and mass system in detail.
Ans. Spring and Mass System
The system consists of a massless spring, one end of which is connected to a mass m while the

other end of the spring is connected to a fixed point. Two positions are possible :
1. System is on a Horizontal Surface :
(i) Massless spring: Let the mass and the spring are on a smooth horizontal surface (Fig.
1). Let us consider that a force Fis applied on the spring to stretch or compress it, then

the spring exerts an equal and opposite force on the mass. W F=0
m

The restoring force exerted by the spring is given by

Fig. 1
F=—(x
where C is the force constant and x is the extension or compression produced in the
spring.
d%x . ;
If — = is the acceleration of mass m, then
dt?
2
ma X —_x
dt?
d*x €
or ——+—x=0
de? m
2
ie., d—x+o)%x=0 -(1); whereco% L
dt? m

This is the differential equation of mass m attached to a spring. The above equation shows that
the motion of mass-spring system is simple harmonic whose time-period is

7=2F _ 32 (m/C)
@

The solution of equation (1) is given by
x =a sin (ogt +¢)

where ¢ is phase-difference.
(ii) Spring of Finite Mass : Let the spring be of finite mass mg such thatmg << m. The spring

will stretch uniformly along its length. Let I be the length of the spring.

Mass per unit length of the spring =st.

We consider a small element of the spring of length dS at a distance S from the fixed end.

Mass of the element = n;—s das



Wave Motion 171

When the displacement of the mass mis x,the displacement of the elementdS will be (f) xand

its velocity will be (S] =
I }dt.

Instantaneous Kinetic energy of the element

2 2
_1(ms gl Sdx) _ms(dx) paae
2\ 1 [de) 3 \dt

Instantanecus KE of the whole spring

2 2
213\dt) 0 6 dt

Total kinetic energy of the system (spring and mass) is

1 (dx¥ 1 (ax¥ 1 mg)(dx )
K="m|—| +-mg| — | ==|{m+—=2|| —
2 \dt 6 dt 2 3 J\dt
Clearly, effective mass of the system =m + Ms

Time period of the system, T =2x [m +";S] /C

2. System is in Vertical Position : When mass m is attached to the spring in vertical position
(Fig. 2), then weight mg of the body produces an elongation xj in its initial length.
In this condition mg =Cx the body is in equilibrium position.
If x is the displacement of m from equilibrium, then total restorting force will be
F=-C(xg +x)
Hence effective restoring force =mg —Cx
=Cxg —Cx=-C(x—-Xxg
Equation of motion in this case is

d’x ¢
—2+—x=0 -
da® m Fig. 2
d?x 2 2z

or —2+m0x=0, where &g =(C/m)
dt

This is the differential equation of simple harmonic motion. Its time period

=% _3x /m/C
w

i.e., gravity has no effect on oscillations because time period is same as in the case of
horizontal system.
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Q.2. Define power dissipation in damped harmonic oscillator.
Ans. Power Dissipation in Damped Harmonic Oscillator
If a oscillator oscillates in a medium, then its amplitude of oscillation decreases due to
frictional force produced by factors present in the medium or in the oscillator itself. This type
of oscillator is called damped oscillator. The amplitude is continuously decreasing because the
energy of oscillator is used in the form of heat in doing work against the friction forces. This is
called power dissipation.
At any time ¢, the displacement of a damped harmonic oscillator is given by

x =ae ™ sin (Bt +4) (1)
Here a and ¢ are arbitrary constants, r is damping constant and § =y (cuz —r? ) is the angular
frequency of damped oscillator and @ = /(k /m) is the frequency of undamped oscillator, and r
is force constant.
For low damping, r? <o?,then

x=ae " sin (Bt +¢)
3‘: =—are ™ sin (Bt +¢) +ae™"" -B-cos (Bt +¢)

—ge™" [Bcos Bt —r sin Bt]

where we have assumed initial phase $ =0.
The K.E. of particle at any time ¢, is given by

2
2 \dt
=;maze_m (B cospt —r sin ]3!:)2

=%maze_2’t [|32 cos? Bt +r? sin? Pt —2pr sin Bt cos Bt)

or K =%maze'2Hr (B? cos? Bt +r? sin? Bt —rBsin 2Bt) w2
Average kinetic energy for a complete time period
=1 jT Kdt
T <0
2, 2rt
T
=% %[ﬂ2 cos? Bt +r? sin? Bt —rPsin 2Bt]dt

Bet for a complete time period the average value of sin’ ptor cos? pt is 1/2 and that of sin 23t

is zero. Hence
B 2 -2t [ 2 2
B0 E [374.’;_'3,-,(0
2 2

2
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2 -2
_ma‘e™™" [(@® -r?)+r?] v p=yol -r?

4

2 :2

1 .
=-ma’a’e
4

Potential energy of the damped oscillator is given by

U =Lix? =1 k(ge™ sin pt)?
2 2
=1 ha2e 2 sin? Bt

Therefore average potential energy for a complete time period is

- T
U =1I 1 ho?aZe2 sin? Bt dt, k=mo®
290 2
E T sin®
=1mmzaze 2t J- sin” Bt dt
2 0 T
L maa?e 2t L
2
or 17=%mmzaze_2't

Hence for a complete time period total average energy of the damped oscillator is given by
K=K +U=1mmzaze_2" +£1Lmo)2f.:f2e_z""t

2 2

E=;mm ale 2t

At time t =0, the energy of damped oscillator (= E ) will be maximum and then it will go on
decreasing with time. Hence,
E, —Lma2a?
2
Therefore, E=Epe 2"
o dE
Hence, power dissipation, P =E

=—2rEge ™" =2rE =2rE (writing E for E).

Q.3. Define simple harmonic motion (SHM) with example. Establish the
differential equation of SHM and hence solve it.

Sol. Simple Harmonic Motion (SHM)

A particle is said to execute simple harmonic motion when it vibrates in such a manner that at

any instant the resorting force acting on it is proportional to its displacement from a fixed

point in its path and is always directed towards that point. A system executing SHM is called

simple harmonic oscillator.
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Let us consider a particle of mass m, executing simple harmonic motion. If at any instant the
particle is at distance x from the mean point, then velocity and acceleration of the particle are
respectively given by

dx dv _d*x
v=— and a=—="-
dt dt  g¢2
Since the particle is in SHM, hence the restoring force F < —x
ie., F=—lx =(1)

where k is a proportionality constant and is called the force constant.
From Newton'’s law

Force =mass x acceleration w(2)
2
i.e., ~kx=m d’x
di?
2
or m d”x +kx =0
dt?
d’x k
or —+—x=0
dt?2 m
2
or d—;+a)2x=0 -(3)
dt
where @’ =£
m

Eqgn. (3) is the differential equation of simple harmonic motion.
Let the solution of differential eqn. of SHM (i.e., eqn. 3) be

x=age™
2
X
Then d—z —aole®
dt
Putting the values in eqgn. (3), we obtain
ac2e™ +olae™ =0
or ae™ (or.z +m2]=0
or a’ +@? =0 because ae™ =x =0
Thus o =xim, wherei=v-1

The two possible solution of eqn. (3) are
x=qe " and x =ge**
The most general solution of eqn. (3) will be
x=a.e' +aye7 -(4)

where a4 and a; are constants.
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Eq. (4) may also be written as
X =aq(coswt +isinot)+a; (coswl —isin ot)
=(aq +aj}coswt +(a; —ia;)sinwt
=a sin ¢ coswt +{aq —ia; )sin ot
=a sin ¢ cos®t +a cos¢ sin ot
whereaq +a, =asin¢ and a; —ia; =a cos¢.
Then x =a sin (ot +¢) -(5)
wherea is the maximum value of displacement x, and is called the amplitude of oscillation and
constant ¢ is called the initial phase or phase constant.
Eqn. (5) may also be equivalently expressed as
x =a cos (ot +¢) «.(6)
Equations (4), (5), (6) represent different forms of the solution of differential equation of
SHM. All these solutions are equivalent to each other.

Alternative solution of eq. (3) :
Multiplying both sides of eqn. (3) by 2‘;—:, we get

dx d*x

P AH . E B g
dt g2 dt
On integrating with respect to ¢, we get
2
(d_x) +a’x?=A «{4)
dt

where A, is the constant of integration
When the displacement is maximum i.e., x =a, velocity is zero .e.,

dx _,
dt
Hence 0+n’a’ =A
or A =c02.112

Hence, eqn. (4) can be written as

[dx )2 2.2 _ 2 2
— | +0°x° =n"a
dt

dx 2 .2

E — ﬂ' = ---(5]
This equation gives the velocity of the particle at any time £.

From eqn. (5), we get

or

dx

ﬂz —XZ

=wdt



176 Examf Mathematical Physics and Newtonian Mechanics B.Sc.-l (SEM-I)

On integrating, we get sin _1[xj =t +¢
a

where ¢ is constant of integration,

or X —sin (ot +0)
a

or x =asin (ot +¢) ..[6)
This is the solution of the differential equation of simple harmonic motion given by eqn. (3).
Here a, the maximum value of the displacement, is called the amplitude of oscillation andd isa
constant, known as initial phase or phase constant. The term (ot + ¢ )is called the phase of the
vibration.

Time Period : Now, if the time £ in eqn. (6} is increased by 2—”, the function becomes
®

X =asin [m[t +2—ﬂ) +¢]
®

=a sin (ot +2x +¢)

=a sin (ot +)
i.e., the displacement of the particle is the same after a time (2n/w). Therefore, (2n/w)is the
period (T) of the motioni.e.,

T=2—1t=21t‘/E
® k

The number of vibrations per second (n}is called the frequency of the oscillator and is given

by,
1 o 1 'k

T 2z 2t\m
% o=2nn=02n/T)
The quantity wis called the angular frequency of S.H.M.
Exact simple harmonic motions are rare : In simple harmonic motion, restorting forcea —
(displacement).
In physical systems this linear relationship between force and displacement is not exactly
followed. The relationship is linear only under certain limitations. For example, the motion of
asimple pendulum is simple harmonic only for vanishingly small amplitude of oscillation. For
a spring-mass system, the motion of mass will be simple harmonic only for small amplitudes
of oscillation. Diatomic molecule can be treated as a simple harmonic vibrator only for

displacements from mean position being small (or potential energy ;Iotz). Such limitations

are rarely realized in practice. Hence the exactly simple harmonic motions are rare.
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Q.4. What is a bar pendulum? Under what conditions the oscillations of bar
pendulum are simple harmonic? Obtain an expression for its time period.
Ans. Bar-Pendulum
A bar pendulum is a uniform metal bar about one meter long, having holes drilled along its
length symmetrically on either side of the centre of gravity. The bar is suspended on a
horizontal knife edge, which can be inserted into any desired hole. The bar can be made to
oscillate about the knife edge in the vertical plane.
Principle : The determination of g by bar pendulum (a compound pendulum) is based upon
the principle of interchangeability of the centres of suspension and oscillation. Two points in
the pendulum can be located at equal distance on the opposite sides of its centre of gravity and
collinear with it in such a way so that the periods of oscillations about them are equal. One of
them will be the centre of suspension and the other will be the corresponding centre of
oscillation and the distance L (say) between them will be equal to the length of the equivalent
simple pendulum. Then the time period T will be given by

e

= D R
=
s &
O | (Centre @
O | of suspension) E
o]
o [ —L Q Ip
G i A H \
% (Centre of gravity) T _ \]_.F_|7£|
g (Centre B G %
© | of oscillation) — Distance of knife edge from
0 one end of the bar
Fig. 1 Fig. 2

.

Thus if we know T and L, the value of g can be determined.

Method : The time period of different lengths of the pendulum are determined by slipping on
to the knife-edge one hole after another from A to G (Fig. 1) and each length carefully noted.

A graph ABD is then plotted between distance of the holes from the centre of gravity along the
x-axis and the time period (T) along Y-axis, as shown in fig. 2.

The experiment is repeated with the holes on the other side of the centre of gravity of the
pendulum and a similar graph PQR drawn alongside the first on the same scale. This graph
PQR will be a mirror image of the first (ABD), as is clear from the fig. 2.

It will be seen at once that as the C.G. of the bar (G) is approached, the time period first
decreases, acquires a minimum value and then increases until it becomes infinite at the C.G.
itself.

Let a horizontal line AP be drawn, parallel to the x-axis, so as to cut the two curves in point 4, B,
@ and P.

Then, time period of the pendulum for length corresponding to all these points is the same.
Therefore AQ = BP = L =the length of the equivalent simple pendulum.
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T =2n(L/g)

or g=(4n%L)/T?
Hence the value of g can be calculated with the help of this equation.

If we draw a tangent, touching the two curves at the points E and F, then at E and F, the centers
of suspension and oscillation coincide with each other.

2
Thus, KT =L or K=L
Hence the distance parallel to x-axis EG or FG is equal to the radius of gyration K.
Thus, EF=2K or K =E:‘

If we note the minimum time period 7,,,, then

From this equation, the value of g can be determined. It is difficult to locate the points Eand F,
where the tangents to the two curves touches them. Hence K can be determined from the
following relation :

K% =LL'=EG-GR=PG-BG

Q.5. Obtain expressions for potential energy, kinetic energy and total energy
for a particle executing SHM. Also plot them as a function of displacement
from mean position.

Ans. Energy Considerations in SHM

Let a particle of mass mis undergoing SHM, and at any instant £, particle is at a distance x from

its equilibrium position. Then restoring force on the particle is

F=—Fkx
where k is force constant.
Potential energy of the particle is given by
U=—_|'F dx=—j(—kx)dx

or U=;Ioz2 +C

where C, is the constant of integration. If potential energy of the particle at equilibrium
position (x =0) be zero, then
U=0,atx=0,50C =0.

P.E. of particle at position x, U= ;Iozz (]
For SHM, x =asin (ot +¢)
U=;kaz sin? (ot +$) -(2)
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This equation gives the potential energy of a particle at any instant ¢.

Maximum potential energy, Up.y =%ka2

Kinetic energy of a particle of mass m moving with a velocity v is given by

K =lm*v2
2
But for SHM, x =asin (ot +¢)

dx
v="=awcos (ot +
P (ot +¢)

2 2

Hence, K= ; ma’w’ cos® (ot +0)

= % ka? cos? (ot +¢)

=%kaz[1—sinz(o)t +6)]

:;k[az —a?sin (ot +¢)]

or K=%k[a2 —xz]

This is the kinetic energy of a particle executing SHM.

Maximum kinetic energy, Kmax = %ka 2 ,at x =0.

Therefore, total energy of a particle executing SHM is given by
E=U+K

=%ka2 sin? (ot +¢) +%ka2 cos? (ot +¢)

=;kaz[sin2 (@t +0)+cos? (ot +¢)]

or E=}k1:12
2

or E=%mmza2

= ; m (Zrm]2 a’®

E =27c2mn2a2
anmaz

Tz

or E =

179

(3)

w(4)
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Thus,Eou::2 and Eon1/T2 or n?.

Fig. shows the graph between KE. and
displacement (x} of the particle which is the
reciprocal of P.E. curve, with the vertex of the
parabola touching the upper horizontal line or the
total energy curve at x =0. Since the total energy
curve is a horizontal line in either case, being
parallel to the time-axis in the former and to the
displacement axis in the later case, ie, the total

KE. curve
_1
K _fk (a2 —{2‘)

Total energy .
| Bk
E P.Eicurve
=aka?
g 2
5|
+a

0 — x displacement

Fig.

energy of the particle remains constant throughout and is independent of both time and

displacement.

Q.6. What do you understand by damped oscillator? Set up the differential
equation for damped harmonic motion and solve it to obtain the
expression for displacement. Discuss heavy damped critical damped and

underdamped cases.

Ans. Damped Harmonic Oscillator : When a damping force acts on a particle executing
simple harmonic motion then the amplitude of oscillation does not remain constant but goes
on decreasing slowly. If damping is to be taken into account then a harmonic oscillator

experiences the following forces :

(a) restoring force=—kx;  k=force constant.

iction or damping force=—b —; = damping constant.
b) fr damping f bz: b = damping

Hence, total force acting on the particle =—kx —b ‘;‘:

Eqn. of motion of damped harmonic oscillator will be

2
X _ _j-po
dtz dt

d’x bdx k
or —+——+—x=0

2
or d—x+2rd—x+o)zx:0
dt

de?

where 2r = b =damping for unit mass and unit displacement
m

k : : i one
and@? == = restoring force for unit mass and unit displacement.

m

(1)

Equation (1) is the differential equation for damped harmonic oscillator. Let its solution

be

y=Ae(It

-(2)
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where A and o are arbitrary constants

z—’t‘:Aae“t andi—x=Aaze“t
Putting these values in eqn. (1), we get
AaZe®™ 12r Ace™ +w’Ae™ =0
or Ae™ [a? +2ra +0*]=0

Since Ae® =0, hence 0.2 +2ra +@® =0 .(3)

or 0r.=—ri\/r2 —mz

Leta 4 and a; be the roots of eqn. (3), then

aq =—1"+\Hr2 —w?
and oy =—r—\ﬂr2 —w?

Hence general solution of eqn. (1) is given by

oqt gt

x=Ae"" +Ae

or X+ A4 exp(—r +\#r2 —coz)t + 4, exp (—r—\/rz —@? )t ..(4)

where A, and A; are arbitrary constants. Now for the relative values of kand 3 there are three
cases :

I. Heavy damping:r > o

Ifr > theny (JP'2 —@? ) will be real and less thanr. Therefore in eqn. (4),[r ++ (r2 — &’ J]land

== \/(rz —@? )] both will be negative. Hence the displacement y of the particle decreases
exponentially with time t.
Such a motion is called dead-beat or aperiodic and shown in given figure (curve I).
1 ae™
I
] decaying aplitude

P —

Displacement
o]

Fig.
II. Critical damping : r ~®
Let \,'rz -e? =h, where k is a small positive number.
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Therefore, eqn. (4) can be written as
X=Ale(—r+h)t +A2e[—r—h]t =e—f‘t [Aleht +Aze—ht]
=e " [A; (L+ht +..)+ A, (1-ht +...]]
=™t [(A; +A;)+ht (A1 —A2)] [neglecting higher powers of h]
x=e " (M +Nt) w(5)
where M=4, +A; and N=(4; —A;)h

Itis clear from eqn. (5) that ast increases, the value of term (M + Nt}increases but the value of
e reduces. Hence the displacement y of the particle under critical damping, first increases

due to term (M + Nt) but at once reduces to zero due to e more rapidly compared to case 1.
This is shown in the given figure (curve II).

III. Under damping: r <o
Ifr< o, then y (r2 -0’ ) will be imaginary and we can write it as

V% —o?) =iy(® -r?)=iB

Putting this value in eqn. (4), we get

x=A,el T HBE 4 LB
or x=eTt[A;eP + A0 7P
—e™t [A1 (cosPt +isin pt)+ Ay (cosBt —isin Bt}
=e ™ [(A] +Ay)cosPt +i (A — A, )sin pt] ..(6)
Let Ay +Ay; =asind andi (4, — A;)=a cosd, then
x =¢ " [a sin ¢ cos Bt +a cos¢ sin t]
or x=ae™" sin (Bt +¢)

or x=ae”"t sin [y (wz —r? )t +4] ik 7)

This is the displacement of a damped harmonic oscillator at time ¢.

Atatimet: Amplitude =ge ™t =qe (t/2m)
2
and angular frequency B=4(a® -r?) = [k _[ij ]
m \2m
Time period, 722" _ 2n
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Q.7. What do you mean by forced oscillations? Write down and solve the
differential equation for a particle executing forced harmonic
oscillations.

Ans. Forced or Driven Harmonic Oscillator

When a harmonic oscillator oscillates in a medium like air, its amplitude falls exponentially

with time to zero. If we apply an external periodic force having different frequency than the

natural frequency of the oscillator, it starts oscillating with the frequency of applied external
force after some time.

An oscillator, thus compelled to oscillate with a frequency other than its own natural

frequency, is called a driven harmonic oscillator. Its oscillations are called driven or forced

oscillations.

Let a particle of mass m oscillates about its mean position under the effect of force constant k.

Let b be the damping constant and an external periodic force Fy sin pt is applied to the

particle, then at any instant the following forces act on it :

(i) restoring force =—kx
(ii) damping force =—b (dx /dt)

(iii) external periodic force = F; sin pt

Therefore, F=F;sinpt-b % —kx
2
or md—x=Fosinpt—bd—x—.'oc
dtz dt
2
or i B dx +— k F—O sin pt «(1]

dtz m dt m m
Let, B =2r, k =0)% and fy =F—0,then
m m
2
i x +2r X +m0x = fo sin pt .(2)
de?  dt
This is the differential equation of a forced harmonic oscillator. Its solution has two types.
1. Type I-Transient state solution : This solution shows the transient state of a oscillator,

which is the state before the position when the oscillator oscillates with the frequency of
applied external force. This is given by the equation.

This is the equation of damped harmonic oscillator, whose solution is
—rf

x=ae " sin (ot +¢)
2. Type II-Steady state solution : When the transient state is finished, the oscillator starts
oscillating with the frequency of applied force. This is governed by eqn (2}. Letits solution be
x=Asin(pt —¢) s3]

where A and ¢ are constants and p is the frequency of impressed force.
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dx

Now, — =pAcos(pt —
e (pt -9)
d?x 2

and —— =—p“Asin (pt —¢)
dt?

On putting these values in eqn. (2), we get
~p* Asin (pt —$) +2rp Acos (pt —¢) +a Asin (pt —9) = fo sin [(pt — ) +¢]
= fo sin (pt —¢)cos¢ + fy cos(pt —¢)sin ¢
or A[co% —pz)sin (pt —¢)+2rp Acos (pt —¢)

= fo sin(pt —¢)cosd +cos(pt —)sin¢ ..(4)
This eqn. holds only if the coefficients of sin (pt — ¢} and cos(pt — ¢ ) are equal on both sides,
then we have

Alw§ —p*)=fo cos¢ (B}
2rpA = fqg sind ..(6)
On squaring and adding these two eqns., we get
A%[(w] —p)* +4r?p]= f§[cos” b +sin® §]= f§
Hence amplitude, A= fo w(7)
[(wf - %) +4r?p?1'/?
On dividing eqn. (6) from eqn. (5), we have
2rp

(@§ —p*)

tan ¢ = .(8)

Therefore, from eqn. (3), we have

fo ;
xX= sin (pt —¢) (9]
[(ah %) +4r?p? /2
This is the solution of the forced harmonic oscillator. It gives the displacement of the forced
oscillator at any time t.

Q.8. What is wave motion? Write their types in detail.

Ans, Wave Motion

A periodic motion communicated from particle to particle through an elastic medium is
termed as ‘wave motion’. Therefore, wave can be defined as the continuous transfer of a state
from one part of the medium to another with finite velocity. The medium does not move itself,
but the state is propagated through it.

Types of Waves

There are two distinct type of waves-mechanical waves and electromagnetic waves.

1. Mechanical waves

A medium is needed for the production and propagation of mechanical waves. The medium
should possess the property of elasticity and inertia. Sound waves, water waves etc. are their
examples.
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Mechanical waves are of two types :

(i) Transverse waves : In a transverse wave, the particles of the medium execute simple
harmonic motion about their mean positions of rest in a direction at right angles to the
direction of propagation of the wave e.,g. waves on a stretched string. There should be
properties of elasticity of shape or rigidity in the medium. Therefore transverse
waves are possible in solids as well as on the surface of liquids. These waves are not
possible in gases. The distance between two consecutive crests or trough is called
wavelength of the wave.

g1 ¢

= pest Crest

-8 A

©

VANV ANYAN

5 N N

o direction of propagation

% T propag;

&

Fig. 1
(ii) Longitudinal waves : In a longitudinal (\ q

Wane the particles O_f the_ medium .o, gensation |||| || | | | ||||| |condensation
execute simple harmonic motion about ) °
their mean positions in the direction of | rarefaction |
propagation of wave e.g., sound wave ! Iy
in air and waves in a stretched spring Fig. 2

etc. These move forward in the form of

condensation and rarefaction in the mediums as shown in fig. 2. These are possible in
solids, liquids as well as gaseous medium. The distance between two consecutive
condensation or rarefactions is the wavelength of the wave.

2. Electromagnetic waves

For the transfer of energy through any medium by means of waves the medium must be
elastic, must have the property of inertia and damping should be small. Electromagnetic
waves are transverse waves in which electric and magnetic field vectors oscillate
perpendicular to the direction of propagation and also are at right angles to each other e.g.
light waves, radio waves etc.

Waves are also classified as one-dimensional (1D) two-dimensional (2D), three-dimensional
(3D) according to the directions of transfer of energy. For example

1D — waves on a spring or on a stretched string

2D — water waves

3D — sound waves, light waves etc.

Q.9. Derive the equation for a plane progressive hormonic wave and discuss its
properties.

Ans. Equation of Plane Progressive Wave

In a simple harmonic progressive wave, the particles of the medium also execute simple

harmonic motion about their mean positions. If the amplitude of the progressive wave

remains unaltered, then it is called a plane progressive wave. Let the particle O executes SHM

(Fig.), then each particle of the medium will execute similar SHM. If we measure the time from
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the instant when the particle Opasses through its mean position in the positive direction, then
the equation of motion of the particle O is given by

y=asinwt (1)
5
§
g
S0 i
% ——n —— Direction of
g propagation
a
I t—

Fig.

where a is the amplitude of the particle, y is the displacement after time ¢t and wis the angular
velocity. If n is the frequency of the vibration, then

y=asinZrnt -(2)
Let A be any particle at a distance x from the origin and the wave be travelling with velocity v
along the positive x-direction. Then the particle
A will start vibrating (x/v) seconds after the first particle O starts vibrating, ie. particle A lags
behind particle O in the phase by (x/v) seconds.
If ¢ is the phase lag of particle A, then for it

y=asin (2nnt —¢) -(3)
If the two particles are separated by a distance x, the phase difference between them = Z;Ex =¢.

Putting the value of ¢ in the equation (3), we have

y=asin [Zﬂznt —ZTMJ w(4)
=a sin 2x (nt —EJ
A
—asin2n| 2E X ['* v=nA]
AOA
. 2m
y=a smT(vt -x) (5]

This is general equation of a plane progressive wave of amplitude a propagating with velocity
v along the positive direction of x-axis.
If the wave is travelling in the negative direction of x-axis, then

y=a sinZ;c(vt +Xx) ..(6)

Since w=2nn and propagation constant k =27:t, equation (4) can also be written as

y=asin (ot —kx) -(7)
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Since w=2xnn= 2?1:’ equation (4] also becomes

; t x
=asinZg| - -— «(8

y (T AJ (8)
On differentiating eqn. (5) with respect to t, we get particle velocity as

u =d_y =a Zﬂcos (vt —x)

dt A
Maximum particle velocity, .y = 21:lav
The acceleration f of any particle at any time in its vibratory motion is given by
du d | Zrav 2n
=—=—|——cos— (vt —x
! dt dt [ A A ( ]]
2
2y . 2m

or =—| —— | asin— (vt—x

f [ y ] ) ( )

2.2
or f =_4-1|: ; 4
A
2,2
Maximum value of acceleration = f ., = Am : a v Vi =0
X

Q.10.Define energy of a progressive wave and also explain their equation.
Ans. Energy of a Progressive Wave

When a progressive wave moves in any medium, then particles of the medium also start
vibrating. For this they get energy from the wave and wave compensates this loss in wave
energy by absorbing energy from the source.

We have y=asin 2; (vt —x) (1)
. . . dy 2mv 2n
Velocity of particle is given by u= 28 =T a cos 3 (vt —x) w(2)
Acceleration of particle is given by
2 2
F=LY o (2 oin 2" (ue—x) -(3)
dtz A A

If p is the density of medium, then mass of its unit volume will be p and the mass of particles
present in unit volume will also be p because medium is composed of these particles.

Therefore, kinetic energy of the particles present in unit volume is given by

2
1 (dy
Ep=-p|¥
K ZP(dt)
2.2 3
or Ey =lp Mcosz 2n (vt —x) w(4)
2 22 A
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Now, work done to give a displacement dy to particle of unit mass
= (force on unit mass) xdy

2
=[px%}<dy
t

2
_ | [ 2= 2T
—p[ [—k J a sin : (vt x]]dy

4n2v2
ydy

==p

= potential energy of unit volume.
Therefore for complete dlsplacement ¥, potential energy in unit volume

4n vz 4n2v2
Ep=[p="" ydy=p d
2
2,2
=1p LU a? sin? 2—ﬂ:('ut:—x] wl 3]
2 2 A
Hence, total energy of unit volume of medium
E =EK +EP
2,2 2,2
E = 1p4n ¥ azcoszz—('ut -Xx) |+ 1p4n Y azsinzz—n(vt—x)
2 2 A 2 a2 A
250
1 i a’® [sinzzn(vt —x]+coszzn[vt—x)]
20 2 A A
2.2
or E= 1p g5 v a? )
27 32
2~,2 2
or B 1p4 2Rk ['-v=nA]
32
or E =21t2n2a2p «(7)

This is the total energy of unit volume of the medium.

It is clear that E «n’ and E xa?®

Thus total energy of the wave is proportional to the square of its frequency and also to the
square of its amplitude.

Energy flowing per unit area per sec is called the intensity I of the wave.

Thus [ energy _energyx lenfth =( energy )(length]

areax time volume x time volume time

I=Ev =[21:2n2a2p) v
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Q.11. Explain the wave velocity and group velocity. Also obtain a relation
between them.
Ans. Wave Velocity and Group Velocity
The equation of a plane progressive harmonic wave, travelling along x-axis is
y=asin (ot —kx)

where w=2nn, is the angular frequency of the wave and k = 2% is the wave vector.

For a wave, the ratio of ®and k is called the phase velocity or wave velocity and is
denoted by u p

e =
p
k
Obviously, this is the velocity of a plane wavefront or plane of constant phase, given by

(ot —kx) = constant. Now on differentiating w.r.t time we get

®- kd_x =0 or ax_, _O

dt a 7 k -t
Let us consider a group of progressive waves having frequencies in the range @ and ®+ Awand
wave vectors kand k + Ak, superimposing together. At some point in space, all the constituent
waves will superimpose in phase to produce maximum amplitude, while at other points the
different component waves partially or totally will be cancelling mutually their effect. Then
around the point of reinforcement, a wave packet will be formed in a finite region of space.
Let us consider the superposition of two waves travelling along the x-axis, given by

Yy =a sin ((Dlt —k]_X]

and ¥ =a sin (0t —k;x)
where, k; o2 K ——and ®1 =vq and = ®2 =v3.
M Az ky ky
The equation of the resultant wave is given by
= Y1 Y2

y=asin (ot —kqx) asin (@t —kyx)

y=2asin [(“Ht —kyx) + (gt —kzx]} xcos[[mlt—kﬂ)—(@zt —kzx]}
2 2
y=2a cos (01 —wp)t _(ky —Fp)x | . [(0f +@p)t (kg +hy)x
Z 2 2
Since 0y —ap, =Amand ky —k; =Ak
and wgmandﬂgk,
2 2
Then above equation reduces to
y =[Za cos M] sin (ot —kx)
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wave packet of angular velocity @, whose amplitude

This equation represents a
[Za cos A(M_‘Mc,(:rvaries with time t and space x and whose maximum value will be 2a. The
velocity of this maximum amplitude or velocity of movement of the packet is called the group
velocity.
be— 3, —+|
D NN NN NN
VARV ARAVIRVERVERV
—h+did
WA N AN AN AN A
ARV RV/IRAVERVERVERV,
Fig.
. _Ae/2 _ Aw
Hence, group velocity, v g= F/Z o
If difference between frequencies is very small, then
dk

Relation between Group Velocity and Phase Velocity : The phase velocity of a wave is

The group velocity is
But

Hence

Therefore,

v, =l or m=kvp
_do_d dv,
kv vy +k——
Ve Tk a‘k( p)= dk
o B
A
dik=d| 2= |=—Z @,
?\. a2
dv dv
Vg =Y +2Tn P |or Vg =Up —ld—: (1)
[ﬂ}ﬂ
7\.2
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Note : Attempt all the sections as per instructions.
Section-A : Very Short Answer Type Questions

Instruction : Attempt all FIVE questions. Each question carries 3 Marks. Very Short Answer
is required, not exceeding 75 words.

1. Position vector of a particle is ?(t) =42 ? +5t} —31’:7 meter, where ¢ is measured in
second. Calculate the displacement of particle in time interval t =15 and t =4s.

What are solenoidal field and irrotational field?

What is meant by a coordinate system?

What do you mean by gravitational force?

What is meant by amplitude?

Section-B : Short Answer Type Questions

Instruction : Attempt all TWO questions out of the following 3 questions. Each question
carries 7.5 Marks. Short Answer is required not exceeding 200 words.

6. Define a pseudo vector. Show that cross product of two polar vector is pseudo vector
while the vector triple product of three polar vector is a true vector.

Or Define partial derivatives of a vector.
7. Differentiate between one dimensional and two dimensional coordinate systems.

Or Thedistance between the centres of the carbon and oxygen atoms in the CO molecule is
1130 x10~1% m. Locate the centre of mass of the molecule relative to the carbon atom.

Y1 N

8. What is a central force? Explain with example.

Or Abullet of mass 20 gis fired with a speed of 1000 m/s from a freely hanging gun of mass
2.0 kg. Calculate the recoil velocity of gun.

Section-C : Long Answer Type Questions

Instruction : Attempt all THREE questions out of the following 5 questions. Each question
carries 15 Marks. Answer is required in detail, between 500-800 words.

9. What do you mean by scalar product of two vectors? Give its geometrical
interpretation. Obtain expression for scalar product of two vectors in terms of their
Cartesian components. Mention its important properties and physical significance
also.

Or What do you mean by derivative of a vector? Gives its geometrical interpretation.
Obtain expression for derivative of a vector in terms of cartesian components.

10. 1kg 2kgand 3 kg masses are placed at three corners of equilateral triangle having each
arm 1 meter, calculate the centre of mass of this system.
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or

11.

Or

12.

or

13.

or

Examf Mathematical Physics and Newtonian Mechanics B.Sc.-l (SEM-I)

A 500 g mass is whirled round in a circle at the end of a string 50 cm long, the other end
of which is held in the hand. If the mass makes 8 rev/s, what is its angular momentum?
Ifthe number of revolutions is reduced to just one, after 20 seconds, calculate the mean
valueof torque acting on the mass.

Differentiate between contravariant and covariant tensors on the basis of
transformation laws obeyed by them and hence show that the velocity of the fluid at
any point is contravariant tensor of rank-1 and also explain rank-2.

What is the effect of centrifugal force on acceleration due to gravity. Show that
gh=g —@?Rcos? A.

Derive the expression for the rotational kinetic energy of abody and show that the total

kinetic energy of a body of mass M and radius R, rolling without slipping along a plane
2

surface is 1 1+ 5 where v is the linear velocity of the body and X is its radius of
my R

gyration about an axis through its centre of mass.
Show that a two particle problem under central force can always be reduced to
equivalent one particle problem. What is reduced mass?

A satellite of mass m is going round the earth (mass M) in a circular orbit of radius R,,.
Write down its angular momentum j about the centre of its orbit and express its total
energy E in terms of its angular momentum.

What do you understand by damped oscillator? Set up the differential equation for
damped harmonic motion and solve it to obtain the expression for displacement.
Discuss heavy damped critical damped and underdamped cases.

Q

1 Inthe publication of this book, every care has been taken in providing a precise and errorless material, yet if any mistake |
has crept in, mechanically or technically, the Publisher, the Writer and the Printer shall not be responsible for the same.
All disputes are subject to the court of Meerut Jurisdiction.

_1 No portion of the text, title, design and mode of presentation, used in this book, be reproduced in any form. Violation of
ourwaming leads to legal prosecution.

_1 Suggestions forany improvement of this book are cordially invited and such suggestions may be incorporated in the next
adition. For any type of suggestion or error you can also mail your ideas on info@vidyauniversitypress.com.
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